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Abstract
We study local change point detection in variance using generalized likelihood ratio tests. Building on [24], we utilize

the multiplier bootstrap to approximate the unknown, non-asymptotic distribution of the test statistic and introduce a
multiplicative bias correction that improves upon the existing additive version. This proposed correction offers a clearer
interpretation of the bootstrap estimators while significantly reducing computational costs. Simulation results demonstrate
that our method performs comparably to the original approach. We apply it to the growth rates of U.S. inflation, industrial
production, and Bitcoin returns.
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1. INTRODUCTION
Ever since the seminal contributions of [5], [1], and [26],

modeling the variance of financial time series data has
emerged as a key research area in econometrics. Given
its critical importance to the financial industry, where
precise estimates and forecasts of variance are essential
for applications in risk management, portfolio manage-
ment, and derivative pricing, two families of models have
gained widespread acceptance and, by any standards, now
dominate practical applications: (i) the ARCH(q) and
GARCH(p, q) models [5, 1]; and (ii) the stochastic variance
models [26].

An aspect that both model families share is their assump-
tion of conditional heteroskedasticity and global stationar-
ity in the underlying data sequence. However, an alternative
approach to interpreting the stylized facts of financial data,
and hence to modeling variance, is to assume nonstationar-
ity triggered by structural breaks in the variance of unknown
form, i.e., unconditional heteroskedasticity.1 A prominent
example is the IGARCH effect, which refers to the empirical
observation that the autocorrelation function of squared log
returns exhibits long-range dependence and that the sum of
the estimated dynamic parameters of a GARCH(1, 1) model
often approaches unity as the sample size increases [16].

Acknowledging nonstationarity has led to the develop-
ment of variance modeling approaches that aim to identify
unknown breakpoints that indicate shifts between station-
ary data-generating processes. These methods enable the
approximation of such processes using piecewise stationary
models, which aim to detect intervals of homogeneity where
the chosen model is supported at a given significance level.2

∗Corresponding author.
1For a recent discussion of this approach, see [14].
2See [11], [15], [27], [23], [7], [29], [3], [20], [2], [4], [18] and [14].

While various locally stationary linear and nonlinear
models of variance can be proposed, our approach prioritizes
simplicity by targeting the approximation of a constant vari-
ance [15, 27, 23, 4, 14]. This simplification has two benefits.
It reduces the challenge of identifying the prevailing interval
of homogeneity for accurate estimation of a complex model;
additionally, it enhances intuition of practitioners, who often
work with a rolling window estimator for variance. Put dif-
ferently, we perform a local change point (LCP) detection of
unconditional variance, effectively mimicking a rolling win-
dow estimator that selects its window width in a data-driven
manner.

To test for intervals of homogeneity, we use the maxi-
mum across a set of generalized likelihood ratio test (LRT)
statistics computed for a set of candidate breakpoints. We
consider two tests: a test for homogeneity in variance (with
arbitrary means) and a test for complete homogeneity, i.e.,
for constancy in mean and variance. With independently
and identically normally distributed data, each of these tests
would, according to Wilks’ phenomenon [28], follow a χ2(1)
or χ2(2) distribution with increasing sample size. However,
because our test statistic transforms generalized likelihood
ratios and the assumption of Gaussianity can be problem-
atic, we use a multiplier bootstrap to approximate the distri-
bution of the test statistics. This approach builds on theory
developed by [21]. Its utility for calibrating critical values,
particularly in small samples, has also been demonstrated
in [24], [13], and [12].

Within the multiplier bootstrap framework for testing the
variance, we propose substituting the traditional additive
bias correction described by [24] with a multiplicative cor-
rection. This approach is particularly suitable for variance
testing because it offers a compelling interpretation of the
bootstrap estimates. Unlike under the additive bias correc-
tion, the bootstrap estimators can even be derived in closed
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form. Consequently, the bootstrap procedure simplifies to
drawing the multiplier weights and calculating the boot-
strap estimates analytically, with the testing decision based
on their distribution. This approach significantly reduces the
computational costs associated with the bootstrap.

Our extensive simulations suggest that the tests that in-
corporate the multiplicative bias correction possess similar
discrepancies in size and power as the tests using the ad-
ditive one. However, under misspecification, tests using the
multiplicative bias correction exhibit slightly higher size dis-
crepancies than those using the additive correction, but they
more effectively detect unconditional changes in the LCP
simulations. Compared to standard fixed window estima-
tors, the tests also perform well, even when applied to a
globally stationary, conditionally heteroskedastic GARCH
framework.

In summary, compared to methods targeting the same
goals, our methodological approach stands out for its re-
markable simplicity and directness despite requiring boot-
strap simulation. For instance, [23] and [18] analyze data in
the frequency domain, resulting in tests with non-standard
asymptotic distributions involving functionals of Brownian
motions. Meanwhile, [15] requires extensive prior simula-
tions to calibrate parameters that control the false alarm
rate. Closely related, [4] apply piecewise linear functions;
however, their approach is purely constructive, requires dy-
namic programming, and lacks an asymptotic analysis.

This paper is structured as follows. In Section 2, we out-
line our modeling approach, present the tests, and discuss
the LCP detection algorithm incorporating the proposed ho-
mogeneity tests. Section 3 provides simulations, while we
apply local change point detection to the growth rates of
U.S. inflation and industrial production, as well as Bitcoin
returns in Section 4. Section 5 concludes.

2. LOCALLY ADAPTIVE MODELING

2.1 Homogeneity Testing
Let {Xt} be a sequence of random variables on a given

probability space (Ω,ℱ ,P). We assume Xt to be inde-
pendently distributed according to a probability measure
P0, which belongs to a parametric family P(θ), i.e., P0 ∈
{P(θ), θ ∈ Θ ⊂ ℝ

p}, with p being the number of parame-
ters. On an interval ℐ = [a, b] with length nℐ , we aim to test
the null hypothesis H0 of no change in θ. H0 may depend
on all or just a subset of the elements in θ. The alternative
hypothesis is that there is a break point τ ∈ (a, b), leading
to distinct parameterizations for Xt in the two intervals;
specifically, one for Xt∈Lτ = {Xt}t∈Lτ

where Lτ = [a, τ ],
and another one for Xt∈Rτ = {Xt}t∈Rτ

where Rτ = (τ, b].
Summarizing, we test

H0 : Xt∈ℐ ∼ P0(θℐ), θℐ ∈ Θ,

against the alternative

H1 : Xt∈Lτ ∼ P0(θLτ ) and Xt∈Rτ ∼ P0(θRτ ) ,

where θLτ ̸= θRτ and Lτ ∪Rτ = ℐ.
Following [20], we consider a set of candidate breakpoints

𝒯 (ℐ) ⊂ ℐ to test H0. For each candidate τ ∈ 𝒯 (ℐ), we con-
duct a test belonging to the family of generalized likelihood
ratio tests (LRT)—see [9]. More specifically, for every fixed
τ , we employ the statistic

Tℐ,τ = sup
θ∈Θ

LLτ (θ|Xt∈Lτ ) + sup
θ∈Θ

LRτ (θ|Xt∈Rτ )

− sup
θ∈Θ

Lℐ(θ|Xt∈ℐ), (2.1)

where L(θ|Xt∈j) =
∑︁

t∈j ℓt(θ|Xt) is a log-likelihood function
on the respective interval, for j = {Lτ , Rτ , ℐ}, and ℓt(θ|Xt)
is the log-likelihood contribution of a single observation Xt

at time t. It is supposed to be clear from the context when
the conditioning is on the random variable Xt (e.g., for the
computation of a probability) or its realization xt (e.g., for
the computation of the value of a test statistic).

To test for the presence of a breakpoint jointly among
the candidates, we employ the maximum statistic, as in [20],
given by

Tℐ = max
τ∈𝒯 (ℐ)

Tℐ,τ . (2.2)

For a specified significance level α, we need to determine the
critical value 𝔷ℐ,α such that

P(Tℐ ≤ 𝔷ℐ,α) = 1− α ,

implying that we reject H0 whenever Tℐ > 𝔷ℐ,α. For small
samples or non-Gaussian distributions, this may prove to
be difficult. Thus, we will compute 𝔷ℐ,α using the multiplier
bootstrap.

2.2 Multiplier Bootstrap
Following [21] as well as [24], we use the multiplier boot-

strap to approximate the unknown and non-asymptotic dis-
tribution of the test statistic. The multiplier bootstrap is
carried out by re-weighting the log-likelihood function. The
bootstrapped log-likelihood function is given by

L♭
j (θ|Xt∈j) =

∑︂
t∈j

utℓt(θ|xt) , (2.3)

where {ut} is an i.i.d. sample from a sub-Gaussian distribu-
tion, independent from Xt, with E[ut] = 1 and Var[ut] = 1;
here, j = {Lτ , Rτ , ℐ} indexes the three samples involved.

From (2.3), we receive the bootstrap estimator

θ̂♭j = argmax
θ∈Θ

L♭
j (θ|Xt∈j) . (2.4)
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As an important property, note that

θ̂j = argmax
θ∈Θ

E♭[L♭
j (θ|Xt∈j)] = argmax

θ∈Θ
Lj(θ|Xt∈j) , (2.5)

where E♭[L♭
j (θ|Xt∈j)] is the expectation conditional on the

sample over the measure for {ut}—the so-called bootstrap
world.

As established in [21, p. 2660, Theorem 2.2], P{Lj(θ̂j)−
Lj(θj) > 𝔷2/2} is close in probability to the corresponding
random quantity in the bootstrap world across a broad range
of 𝔷-values. Thus, the test statistic in the bootstrap world
corresponding to (2.1), which is given by

T ♭
ℐ,τ = sup

θ∈Θ
L♭
Lτ

(θ|Xt∈Lτ ) + sup
θ∈Θ

L♭
Rτ

(θ|Xt∈Rτ )

− sup
θ∈Θ

{︃
L♭
Lτ

(θ|Xt∈Lτ )

+ L♭
Rτ

(θ + θ̂Rτ − θ̂Lτ |Xt∈Rτ )

}︃
, (2.6)

where θ̂Lτ and θ̂Rτ are the maximum likelihood (ML) esti-
mators on each subinterval, has a distribution close to Tℐ,τ .
Therefore, we use repeated bootstrap sampling to evaluate
the critical value,

𝔷ℐ,α = inf{𝔷 ≥ 0 : P(T ♭
ℐ,τ > 𝔷2/2) ≤ α} , (2.7)

in a data-dependent way.
In the last term of (2.6), an additive bias correction in the

form θ̂Rτ−θ̂Lτ is used to ensure that the simulation is carried
out under H0 [24]. It adjusts the parameters estimated on
the interval Rτ to align with those estimated on Lτ . The
following section introduces a multiplicative bias correction,
a natural choice when testing for variance.

2.3 Testing for Homogeneity in Variance
From this section on, we specialize the discussion to the

particular case, where we assume Xt ∼ 𝒩 (︁
μ, σ2

)︁
. Besides

testing for complete homogeneity, involving the mean and
variance simultaneously, we are also interested in propos-
ing a test solely for homogeneity in variance. Notably, even
in the case of model misspecification, the bootstrap valid-
ity continues to apply and becomes conservative under sig-
nificant deviations [21]. Therefore, the use of the normal
distribution in this context carries the characteristics of a
quasi-maximum likelihood approach.

In the first step, we discuss the test for homogeneity in
variance. We consider a left sample Xt∈Lτ , a right sam-
ple Xt∈Rτ , and their combination Xt∈ℐ . We wish to test
whether Xt∈ℐ ∼ 𝒩 (︁

μ, σ2
)︁

against the alternative that
Xt∈Lτ ∼ 𝒩 (︁

μ, σ2
)︁

and Xt∈Rτ ∼ 𝒩 (︁
μ̆, σ̆2

)︁
with σ2 ̸= σ̆2

and arbitrary means.
Under these assumptions, for j = {Lτ , Rτ , ℐ} with sam-

ple size nj , the log-likelihood function is given by

Lj

(︁
μ, σ2 | Xt∈j

)︁
=− nj

2
log(2π)− nj

2
log σ2

− 1

2σ2

nj∑︂
t=1

(xt − μ)
2
, (2.8)

and the LRT for homogeneity in variance becomes

Tℐ,τ = sup
μ∈ℝ, σ2>0

LLτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ, σ2>0

LRτ

(︁
μ, σ2 | Xt∈Rτ

)︁

− sup
σ2>0

{︃
sup
μ∈ℝ

LLτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ

LRτ

(︁
μ, σ2 | Xt∈Rτ

)︁}︃
. (2.9)

It is, of course, well-known that

{x̄j , σ̂
2
j } = arg max

μ∈ℝ, σ2>0
Lj

(︁
μ, σ2 | Xt∈j

)︁
,

where σ̂2
j = n−1

j

∑︁
t∈j (xt − x̄j)

2 and x̄j = n−1
j

∑︁
t∈j xt, for

j = {Lτ , Rτ}. The ML estimator over the entire interval
ℐ is obtained as the pooled variance of both subintervals
weighted by the sample sizes, i.e., σ̂◦2

ℐ = n−1
ℐ (nLτ σ̂

2
Lτ

+
nRτ σ̂

2
Rτ

).
Thus, the test statistic for homogeneity in variance can

be written as

Tℐ,τ = LLτ

(︁
x̄Lτ , σ̂

2
Lτ

| Xt∈Lτ

)︁
+ LRτ

(︁
x̄Rτ , σ̂

2
Rτ

| Xt∈Rτ

)︁
− LLτ

(︁
x̄Lτ , σ̂

◦2
ℐ | Xt∈Lτ

)︁
− LRτ

(︁
x̄Rτ , σ̂

◦2
ℐ | Xt∈Rτ

)︁
,

= −nLτ

2
log σ̂2

Lτ
− nRτ

2
log σ̂2

Rτ
+

nℐ
2

log σ̂◦2
ℐ .

(2.10)

In the case of a single break point and under correct model
specification, this corresponds to the classical likelihood ra-
tio test, which follows a χ2(1)-distribution due to [28].

Additive bias correction. Following (2.3), the multi-
plier bootstrap log-likelihood function obtains as

L♭
j

(︁
μ, σ2 | Xt∈j

)︁
= −1

2
log(2π)

nj∑︂
t=1

ut − 1

2
log σ2

nj∑︂
t=1

ut

− 1

2σ2

nj∑︂
t=1

ut (xt − μ)
2
,

= −nj

2
log(2π)− nj

2
log σ2 − nj

2

σ̂∗2
j

σ2

− nj

2σ2
(x̄∗

j − μ)2. (2.11)

Now, σ̂∗2
j =

∑︁
t∈j wt(xt − x̄∗

j )
2 and x̄∗

j =
∑︁

t∈j wtxt, for
j = {Lτ , Rτ}, are the ML estimators of the variance and
the mean in the bootstrap world, respectively. We define
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wt = utn
−1
j , where {ut}t∈j are drawn as discussed in Sec-

tion 2.2. Note that for the second line in (2.11) to hold, we
assume that

∑︁
t∈j ut = nj , because it helps us keep the for-

mulae more transparent. During simulation, this property
can be ensured by normalizing {ut}t∈j in each bootstrap it-
eration. While this standardization introduces a slight linear
dependence within the sampled {ut}, to our experience, it
enables the test to better keep its size because the variance
of the bootstrap estimators is reduced.3

The bootstrapped generalized LRT becomes

T ♭
ℐ,τ = sup

μ∈ℝ, σ2>0

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ, σ2>0

L♭
Rτ

(︁
μ, σ2 | Xt∈Rτ

)︁

− sup
σ2>0

{︃
sup
μ∈ℝ

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ

L♭
Rτ

(︁
μ, σ2 + σ̂2

a | Xt∈Rτ

)︁}︃
, (2.12)

where σ̂2
a = σ̂2

Rτ
− σ̂2

Lτ
is the additive bias correction intro-

duced in (2.6).
It is straightforward that

{x̄∗
j , σ̂

∗2
j } = arg max

μ∈ℝ, σ2>0
L♭
j

(︁
μ, σ2 | Xt∈j

)︁
,

for j = {Lτ , Rτ}. Thus, the first two summands in (2.12)
are

sup
μ∈ℝ, σ2>0

L♭
j

(︁
μ, σ2 | Xt∈j

)︁
=− nj

2
log(2π)

− nj

2
log σ̂∗2

j − nj

2
. (2.13)

In contrast, the third term in (2.12) is more involved. We
can still concentrate out the mean, after which we obtain
the following function involving σ2 only:

f ♭
HV a(σ

2) =L♭
Lτ

(︁
x̄∗
Lτ

, σ2 | Xt∈Lτ

)︁
+ L♭

Rτ

(︁
x̄∗
Rτ

, σ2 + σ̂2
a | Xt∈Rτ

)︁

=− nℐ
2

log(2π)− nLτ

2
log σ2 − nLτ

2

σ̂∗2
Lτ

σ2

− nRτ

2
log

(︁
σ2 + σ̂2

a

)︁− nRτ

2

σ̂∗2
Rτ

σ2 + σ̂2
a

. (2.14)

As we discuss in Appendix A.1, we find the maximizer of
f ♭
HV a numerically as a root to a cubic polynomial in σ2.

Our simulations show that for a sufficiently large sample
size the discriminant of the cubic polynomial is always neg-
ative, implying the existence of a single real root. However,
the discriminant can sometimes be positive for very small
sample sizes. In such instances, we skip the iteration and
3In Appendix B, we report the general formulae for all tests that are
valid for samples of {ut} without standardization, and present simu-
lations comparing the size properties of both approaches.

draw a new set of weights ut until the desired number of
bootstrap samples is obtained.

Denote the maximizer of f ♭
HV a by σ̂♭∗2

HV a. Then, the boot-
strapped test statistic is given by

T ♭
ℐ,τ =− nℐ

2
log(2π)− nℐ

2
− nLτ

2
log σ̂∗2

Lτ
− nRτ

2
log σ̂∗2

Rτ

− f ♭
HV a

(︂
σ̂♭∗2
HV a

)︂
. (2.15)

Multiplicative bias correction. We now consider the
proposed multiplicative bias correction, which takes the
form σ̂2

m = σ̂2
Rτ/σ̂

2
Lτ

. Instead of (2.12), we utilize

T ♭
ℐ,τ = sup

μ∈ℝ, σ2>0

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ, σ2>0

L♭
Rτ

(︁
μ, σ2 | Xt∈Rτ

)︁

− sup
σ2>0

{︃
sup
μ∈ℝ

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ

L♭
Rτ

(︁
μ, σ2σ̂2

m | Xt∈Rτ

)︁}︃
. (2.16)

As before, we have {x̄∗
j , σ̂

∗2
j } = argmaxμ∈ℝ, σ2>0 L♭

j

(︁
μ, σ2 |

Xt∈j), for j = {Lτ , Rτ}. Thus, the first two summands in
(2.16) are as in (2.13). Proceeding as above, we can rewrite
the third term in (2.16) as

f ♭
HVm(σ2) =L♭

Lτ

(︁
x̄∗
Lτ

, σ2 | Xt∈Lτ

)︁
+ L♭

Rτ

(︁
x̄∗
Rτ

, σ2σ̂2
m | Xt∈Rτ

)︁

=− nℐ
2

log(2π)− nLτ

2
log σ2 − nLτ

2

σ̂∗2
Lτ

σ2

− nRτ

2
log

(︁
σ2σ̂2

m

)︁− nRτ

2

σ̂∗2
Rτ

σ2σ̂2
m

, (2.17)

which notably has the unique maximizer

σ̂♭∗2
HVm =

1

nℐ

(︃
nLτ σ̂

∗2
Lτ

+ nRτ σ̂
∗2
Rτ

σ̂2
Lτ

σ̂2
Rτ

)︃
. (2.18)

Unlike the additive bias correction, which lacks a closed-
form solution, this estimator offers a compelling and intu-
itive interpretation: it is a pooled variance estimator in-
corporating the bias correction. Thus, the multiplicative
bias correction provides significant computational advan-
tages compared to the additive bias correction, which re-
quires numerical root-finding methods (see Appendix A.1
for details).

Summarizing, the bootstrapped test statistic is

T ♭
ℐ,τ =− nℐ

2
log(2π)− nℐ

2
− nLτ

2
log σ̂∗2

Lτ
− nRτ

2
log σ̂∗2

Rτ

− f ♭
HVm

(︂
σ̂♭∗2
HVm

)︂
. (2.19)
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2.4 Testing for Complete Homogeneity
We now discuss testing for complete homogeneity. More

specifically, we test whether Xt∈ℐ ∼ 𝒩 (︁
μ, σ2

)︁
against the

alternative that Xt∈Lτ ∼ 𝒩 (︁
μ, σ2

)︁
and Xt∈Rτ ∼ 𝒩 (︁

μ̆, σ̆2
)︁

where μ ̸= μ̆ and/or σ2 ̸= σ̆2. Of course, this test is closely
related to the test for homogeneity in variance. Because (2.8)
represents the log-likelihood function for all j = {Lτ , Rτ , ℐ},
the test statistic for complete homogeneity is

Tℐ,τ = −nLτ

2
log σ̂2

Lτ
− nRτ

2
log σ̂2

Rτ
+

nℐ
2

log σ̂2
ℐ , (2.20)

where σ̂2
ℐ is the usual ML estimator of the variance on ℐ. Un-

der correct model specification, the test with a single break
point corresponds to the classical likelihood ratio test which
follows a χ2(2)-distribution.

Additive bias correction. The bootstrapped general-
ized LRT now takes the form

T ♭
ℐ,τ = sup

μ∈ℝ,σ2>0

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ,σ2>0

L♭
Rτ

(︁
μ, σ2 | Xt∈Rτ

)︁

− sup
μ∈ℝ,σ2>0

{︃
L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ L♭
Rτ

(︁
μ+ μ̂a, σ

2 + σ̂2
a | Xt∈Rτ

)︁}︃
, (2.21)

where σ̂2
a = σ̂2

Rτ
− σ̂2

Lτ
and μ̂a = x̄Rτ − x̄Lτ are the additive

bias corrections.
As discussed in the context of (2.11), we have

{︁
x̄∗
j , σ̂

∗2
j

}︁
=

argmaxμ∈ℝ,σ2>0 L♭
j

(︁
μ, σ2 | Xt∈j

)︁
, for j = {Lτ , Rτ}. Hence,

as in the test for homogeneity in variance, the first two sum-
mands in (2.21) are given by

sup
μ∈ℝ,σ2>0

L♭
j

(︁
μ, σ2 | Xt∈j

)︁
=− nj

2
log(2π)

− nj

2
log σ̂∗2

j − nj

2
. (2.22)

The third term in (2.21) is now more complicated. To
tackle it, introduce the mean-corrected right-hand sample
x̃t∈Rτ = {xt − μ̂a}t∈Rτ

, and let ˆ̃σ∗2
Rτ

and ¯̃x∗
Rτ

be the ML es-
timators of the respective subsample in the bootstrap world.
Maximizing (2.11) with respect to μ, we obtain

μ(σ2) =
nLτ

(︁
σ2 + σ̂2

a

)︁
x̄∗
Lτ

+ nRτσ
2 ¯̃x∗

Rτ

nLτ (σ2 + σ̂2
a) + nRτσ

2
. (2.23)

Note that μ(σ2) is a function in σ2.
Inserting (2.23) into (2.11), we can reformulate the third

term in (2.21) involving only σ2. This yields

f ♭
CHa(σ

2) =L♭
Lτ

{︁
μ(σ2), σ2 | Xt∈Lτ

}︁
+ L♭

Rτ

{︁
μ(σ2) + μ̂a, σ

2 + σ̂2
a | Xt∈Rτ

}︁

=− nℐ
2

log(2π)− nLτ

2
log σ2 − nLτ

2

σ̂∗2
Lτ

σ2

− nRτ

2
log

(︁
σ2 + σ̂2

a

)︁− nRτ

2

ˆ̃σ∗2
Rτ

σ2 + σ̂2
a

− nLτn
2
Rτ

2

σ2
(︁
x̄∗
Lτ

− ¯̃x∗
Rτ

)︁2
[nLτ (σ

2 + σ̂2
a) + nRτσ

2]
2

− nRτn
2
Lτ

2

(︁
σ2 + σ̂2

a

)︁ (︁
¯̃x∗
Rτ

− x̄∗
Lτ

)︁2
[nLτ (σ

2 + σ̂2
a) + nRτσ

2]
2 .

(2.24)

In Appendix A.2, we maximize f ♭
CHa, which leads to a quin-

tic polynomial in σ2. Our simulations indicate that the quin-
tic polynomial’s discriminant is positive with adequately
large samples, implying a single real root. If the discrim-
inant is negative during a bootstrap draw, we redraw ut

until we have the desired number of bootstrap samples. We
denote the solution by σ̂♭∗2

CHa.
In summary, the bootstrapped test statistic is given by

T ♭
ℐ,τ =− nℐ

2
log(2π)− nℐ

2
− nLτ

2
log σ̂∗2

Lτ
− nRτ

2
log σ̂∗2

Rτ

− f ♭
CHa(σ̂

♭∗2
CHa). (2.25)

Multiplicative bias correction. Alternatively, we pro-
pose using a multiplicative bias correction for the variance,
which results in a more efficient procedure. Nonetheless, we
continue to use the additive correction for the mean. Thus,
we consider

T ♭
ℐ,τ = sup

μ∈ℝ,σ2>0

L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ sup
μ∈ℝ,σ2>0

L♭
Rτ

(︁
μ, σ2 | Xt∈Rτ

)︁

− sup
μ∈ℝ,σ2>0

{︃
L♭
Lτ

(︁
μ, σ2 | Xt∈Lτ

)︁

+ L♭
Rτ

(︁
μ+ μ̂m, σ2σ̂2

m | Xt∈Rτ

)︁}︃
, (2.26)

where σ̂m = σ̂2
Rτ/σ̂

2
Lτ

is the proposed multiplicative bias
correction for the variance, while μ̂a = x̄Rτ − x̄Lτ is the
additive correction for the mean, used already in (2.21).

We have
{︁
x̄∗
j , σ̂

∗2
j

}︁
= argmaxμ∈ℝ,σ2>0 L♭

j

(︁
μ, σ2 | Xt∈j

)︁
for j = {Lτ , Rτ} as before. As a benefit of the multiplicative
bias correction for the variance, we can explicitly solve the
maximization problem implied by the third term in (2.26).
This yields

μ̂ =
nLτ σ̂

2
Rτ

x̄∗
Lτ

+ nRτ σ̂
2
Lτ

¯̃x∗
Rτ

nLτ σ̂
2
Rτ

+ nRτ σ̂
2
Lτ

, (2.27)

which can be viewed as a weighted estimator for the mean,
with weights applied across the two subsamples.
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Together with (2.27), we receive a maximization problem
solely in σ2:

f ♭
CHm(σ2) =L♭

Lτ

(︁
μ̂, σ2 | Xt∈Lτ

)︁
+ L♭

Rτ

(︁
μ̂+ μ̂a, σ

2σ̂2
m | Xt∈Rτ

)︁

=− nℐ
2

log(2π)− nLτ

2
log σ2 − nLτ

2

σ̂∗2
Lτ

σ2

− nRτ

2
log

(︁
σ2σ̂2

m

)︁− nRτ

2

ˆ̃σ∗2
Rτ

σ2σ̂2
m

− nLτn
2
Rτ

2

σ2
(︁
x̄∗
Lτ

− ¯̃x∗
Rτ

)︁2
[nLτ (σ

2σ̂2
m) + nRτσ

2]
2

− nRτn
2
Lτ

2

(︁
σ2σ̂2

m

)︁ (︁
¯̃x∗
Rτ

− x̄∗
Lτ

)︁2
[nLτ (σ

2σ̂2
m) + nRτσ

2]
2 . (2.28)

Let nLτ σ̂
∗∗2
Lτ

=
∑︁

t∈Lτ

[︂
ut (xt − μ̂)

2
]︂

and nRτ
ˆ̃σ∗∗2
Rτ

=∑︁
t∈Rτ

[︂
ut (x̃t − μ̂)

2
]︂

be the sum of the weighted squared de-
viations from μ̂, where we recall that x̃t∈Rτ = {xt − μ̂a}t∈Rτ

stands for the mean-corrected sample.
Surprisingly, (2.28) has a unique maximizer in σ2 given

by

σ̂♭∗2
CHm =

1

nℐ

(︃
nLτ σ̂

∗∗2
Lτ

+ nRτ
ˆ̃σ∗∗2
Rτ

σ̂2
Lτ

σ̂2
Rτ

)︃
. (2.29)

Therefore, in the bootstrap context, the variance estima-
tor resembles (2.18) seen in the homogeneity in variance
test. It represents as a pooled variance estimator, but cor-
rects the bias in variance, accommodates the bias-induced
mean correction of the right-hand sample, and incorporates
the weighted mean from (2.27). Consequently, by utiliz-
ing closed-form estimates, the bootstrap with multiplicative
bias correction secures a substantial computational advan-
tage compared to the case with additive bias correction,
which requires numerical solutions (see Appendix A.2 for
details).

In summary, the bootstrapped test statistic for complete
homogeneity reads as

T ♭
ℐ,τ =− nℐ

2
log(2π)− nℐ

2
− nLτ

2
log σ̂∗2

Lτ
− nRτ

2
log σ̂∗2

Rτ

− f ♭
CHm

(︂
σ̂♭∗2
CHm

)︂
. (2.30)

2.5 Local Change Point Detection
Central to LCP detection is the notion that there ex-

ists an interval, called a ‘homogeneous interval’ or an ‘inter-
val of homogeneity’, on which the process is governed by a
fixed probability measure P0. In line with this understand-
ing, for a given point in time t, one tries to find—backward
looking—the longest interval of homogeneity for local esti-
mation [15, 20, 2, 24, 13].

To find the longest possible homogeneous interval, we se-
quentially test for homogeneity on K + 1 nested intervals,

where ℐ0 ⊂ ℐ1 . . . ⊂ ℐK . We choose the interval length to
increase arithmetically, i.e., Nk = ⌈N0 + ck⌉, where c ∈ ℕ,
with c representing the increment per iteration. Denoting
the most recent index by t (point of estimation), we set
ℐk = [t − Nk, t], for k = 0, . . . ,K and k ∈ ℕ. The initial
interval ℐ0 is assumed to be homogeneous, which requires
its length N0 to be sufficiently large for reliable estimation.
At the same time, N0 should not be so long that the homo-
geneity assumption becomes implausible. The collection of
nested intervals is referred to as the grid 𝒢.

Figure 1 illustrates the intervals involved in the LCP pro-
cedure for a given iteration k. In more detail, for each k,
every candidate point τ of the interval 𝒥k = ℐk \ ℐk−1 is
regarded as a potential break point. In other words, we test
on ℐk for homogeneity against the alternative of a break-
point in ℐk at an unknown point τ ∈ 𝒥k ⊂ ℐk. Define the
two intervals Lk,τ = [t − Nk+1, τ ] and Rk,τ = (τ, t], which
are subintervals of ℐk+1. Given k, we evaluate either (2.15)
and (2.19), or (2.25) and (2.30) on Lk,τ and Rk,τ , for all
τ ∈ 𝒥k, depending on the test case as well as the version of
bias correction employed.

The kth interval is rejected if Tℐk
= maxτ∈𝒥k

T
(k)
τ >

𝔷ℐk,α , where 𝔷ℐk,α is found using the multiplier bootstrap
as described in Section 2.2. Note that to reduce the compu-
tational costs, one can run τ only on a subset of 𝒥k, e.g., on
every second observation.

If homogeneity cannot be rejected, we increment k and
continue with ℐk+1 until a rejection occurs, or the largest
possible interval ℐK−1 is accepted. As the final estimate of
the adaptive estimation procedure, we choose

θ̂ := θ̂ℐk̂
, k̂ = max{k ≤ K − 1 : Tℐk

≤ 𝔷♭ℐk,α
} , (2.31)

where ℐk̂ corresponds to the largest non-rejected interval
of homogeneity with θ̂ℐk̂

as its estimate. The procedure is
repeated for all t in the sample, such that NK < t ≤ T .

3. SIMULATIONS
In this section, we investigate the size and power of

the homogeneity tests under consideration, as well as their
ability to perform local change point detection, utilizing
both bias corrections. We examine data-generating pro-
cesses (DGPs) with unconditional heteroskedasticity. Given
that most empirical research now employs models of condi-
tional heteroskedasticity, we also apply our tests within that
framework. Furthermore, we account for deviations from the
strict i.i.d. framework by allowing for light serial dependence
in the DGP.

We sample the multiplier bootstrap weights {ut} from a
Poisson distribution with λ = 1. We also experimented with
alternative distributions, including an exponential distribu-
tion and a mixture of uniform distributions. As the results
are very similar, we only report those associated with the
Poisson distribution. As mentioned in Section 2, we always
normalize the weights such that the empirical mean and
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Figure 1: Intervals in the sequential LCP detection procedure. For a given iteration k, we test for parameter homogeneity
in ℐk with length Nk and a fixed end point t. In each iteration, we evaluate a set of candidate change points contained in
𝒥k = ℐk \ ℐk−1; the test decision is based on the maximum statistic over all available candidate change points.

variance are equal to one. We do this to reduce the variance
of the bootstrap estimates and to lower size distortions. The
number of bootstrap samples is B = 1000.

3.1 Evaluation of the Multiplier Bootstrap
Tests

Simulation framework. To evaluate the size and power
of the proposed homogeneity tests, we consider two DGPs.
In case (i), we sample from a normal distribution 𝒩 (0, 1); in
case (ii), we draw from a standardized t(5)-distribution. The
standardization helps maintain comparability across both
DGPs. Case (i) represents our baseline setting, where the
parametric assumptions are correctly specified, while case
(ii) represents a case, where the model is misspecified. We
benchmark our tests against the χ2-test with one (homo-
geneity in variance) or two degrees of freedom (complete
homogeneity). We expect similar results in case (i), espe-
cially for moderately large sample sizes, whereas the infer-
ence based on the χ2-distribution will be invalid in case (ii).

We consider three setups with sample sizes nLτ = nRτ =
{5, 25, 50}, which further results in total interval lengths of
nℐ = {10, 50, 100}. The tests are evaluated on three signifi-
cance levels, α = {0.025, 0.05, 0.1}. To compute the coverage
probabilities for assessing the size and power of the test, we
repeat each test case M = 1000 times across all scenarios.

To study the power, we use a parameter λ ∈ (−0.8, 2) to
control the magnitude of a breakpoint. We start by assessing
the power of each test given a change in mean, where the
samples are generated from:

Xt =

{︃ 𝒵, t ∈ Lτ

𝒵 + λ, t ∈ Rτ
,

where 𝒵 is drawn independently either from (i) 𝒩 (0, 1) or
(ii) a standardized t(5)-distribution. H0 is obtained for λ =
0.

To examine power, when there is a break in the variance,
the samples are generated according to:

Xt =

{︃ 𝒵, t ∈ Lτ√
1 + λ𝒵, t ∈ Rτ

.

When generating the alternative by multiplying by
√
1 + λ,

note that the sample mean inflates. To ensure comparabil-
ity across samples in terms of their empirical means, we first
demean each sample, apply the multiplication, and then add
back its empirical sample mean. This prevents artificial in-
flation of the empirical means as we range over λ. When
λ = 0, we simulate under H0.

Size. Figure 2 illustrates the size discrepancies, which
represent the differences between the actual coverage prob-
abilities and theoretical target values (type I error). We find
very similar results for the χ2-test relative to the multi-
plier bootstrap, when we draw 𝒩 (0, 1) sequences, no mat-
ter which bias correction is used. For standardized t(5) se-
quences, the χ2-test fails. In comparing the two bias correc-
tions, we observe that the additive version performs slightly
more accurately under model misspecification, given a mod-
erate sample size nℐ ∈ {50, 100}. However, the multiplica-
tive correction is markedly superior in the extreme case of
nℐ = 10. Generally, the discrepancies in size are larger un-
der misspecification, as one may expect. Overall, the results
indicate that the multiplicative bias correction is a suitable
substitute while providing significant computational advan-
tages as pointed out in Sections 2.3 and 2.4.

Power: break in μ. In Figure 3, we investigate breaks
in the mean parameter. Of course, the test of homogene-
ity in variance is expected to display a constant coverage
probability, independent of λ ∈ (−0.8, 2), which we confirm.
In contrast, the test for complete homogeneity detects the
changes in the mean, and panels (c) and (d) exhibit the
power (type II error). As with size, power decreases under
model misspecification and smaller sample sizes. Comparing
both bias correction methods, we find similar power across
both settings, except for small samples, where the multi-
plicative correction is superior.

Power: break in σ2. For changes in the variance pa-
rameter, the power is illustrated in Figure 4. The results
suggest that the test for homogeneity in variance consis-
tently achieves a marginally better performance in terms of
power than the test for complete homogeneity across both
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DGPs. This is evidenced by lower frequencies of type II er-
rors across all test configurations, including bias correction,
sample size, and significance level. Once again, lower power
is observed under the misspecified model and with small
sample sizes. Consistent with previous findings, the simu-
lations suggest that the multiplicative bias correction is a
suitable alternative, particularly in tiny samples.

3.2 Local Change Point Detection

Unconditional changes in the mean and variance.
We continue to consider two different underlying families
of distributions for drawing segments of non-stationary se-
quences: (i) i.i.d. 𝒩 (0, 1) sequences and (ii) i.i.d. standard-
ized t(5) ones. We draw a cross-section of M = 1000 pro-
cesses in both settings, comprising 1000 realizations each.
The processes are modeled as follows:

Xt =

⎧⎨
⎩

𝒵, 1 ≤ t ≤ 340
𝒵 + 0.75, 341 ≤ t ≤ 670√
1 + 1.5(𝒵 + 0.75), 671 ≤ t ≤ 1000

,

where 𝒵 is drawn as discussed above. Furthermore, as de-
scribed in Section 3.1, we ensure a pure change in variance
scenario for t > 670, consistent with the mean-preserving
transformation outlined earlier.

We employ 𝒢 = {50, 100, 150, 200, 250, 300} as the grid of
interval sizes for the sequential LCP detection algorithm. To
ease the computational burden, we let τ run on every sec-
ond observation, which doubles the speed of the simulations.
When testing, we consider a significance level of α = 0.025.
Figure 5 presents the results for each test configuration. At
each time point t, for a given test and DGP, the plot displays
the cross-sectional mean and median of the estimated index
k̂, computed using (2.31), where the corresponding interval
length is given by ℐk̂.

The test for homogeneity in variance excels the one for
complete homogeneity in detecting changes in the second
moment. Moreover, under model misspecification, the tests
incorporating the multiplicative adjustment detect changes
in more instances in the cross-section of simulated data se-
quences. For both DGPs, in the case of testing for homogene-
ity in variance, we find a clustering of false rejections due
to changes in the mean. The reasons for these false alarms
are heterogeneous subintervals: Whenever a subinterval (left
or right) is rolled over a change point in the mean, the esti-
mated variance in the respective subinterval can be affected,
which leads to rejections of the hypotheses. Notably, the ad-
ditive bias correction mitigates this behavior in the presence
of misspecification while providing lower detection power.

Because empirical practice often raises concerns about
potential misspecification regarding serial dependence, we
also consider sequences generated by the autoregressive

moving average (ARMA) process

Xt =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ1Xt−1 + γ1εt−1 + εt,

εt ∼ 𝒩 (0, σ2
1), 1 ≤ t ≤ 340

ϕ1Xt−1 + γ1εt−1 + εt,

εt ∼ 𝒩 (0, σ2
2), 341 ≤ t ≤ 670

ϕ2Xt−1 + γ2εt−1 + εt,

εt ∼ 𝒩 (0, σ2
2), 671 ≤ t ≤ 1000

where we have ϕ1 = 0.2, γ1 = 0.2 and σ2
1 = 1 initially,

and ϕ2 = 0.6, γ2 = 0.6 and σ2
2 = 2.5 after the change.

This setup enables us to examine two distinct jumps in the
unconditional variance of the ARMA(1, 1) sequences: one
driven by changes in the residual variance and the other
caused by shifts in the ARMA coefficients. Notably, changes
in γ and ϕ do not affect the first moments.

We use the LCP configuration described above, including
the values for 𝒢, τ , and α. Figure 6 presents the results for
both tests. Again, at each time point t, the plot shows the
cross-sectional mean and median of the estimated index k̂.

In line with previous findings on variance changes, our
results demonstrate that the test for homogeneity in vari-
ance exhibits superior detection power compared to the test
for complete homogeneity. Moreover, it offers an additional
advantage by showing greater robustness to time-dependent
dynamics in the mean. This is particularly evident in the
final segment, where we have increased magnitudes for both
ARMA coefficients, ϕ and γ. In such cases, the test for com-
plete homogeneity frequently produces rejections, whereas
the test for homogeneity in variance more effectively miti-
gates the time-variation in the conditional mean.

Conditional changes in the variance. So far, we have
examined the tests’ ability to detect abrupt transitions in
the DGPs, including both independent and serially depen-
dent sequences. Next, we evaluate the performance of our
tests in capturing conditional variance. A widely used model
for this purpose is the generalized autoregressive conditional
heteroskedasticity (GARCH) model, which allows the con-
ditional variance to evolve over time as a function of past
errors and past conditional variances [1]. This exercise com-
pares the LCP detection algorithm, which uses data-driven
interval lengths, with a naive rolling window approach em-
ploying a fixed window width for variance estimation, under
a GARCH process. Rolling window estimators for variance
are commonly used when no specific model is available.

We sample M = 1000 GARCH(1,1) processes for six
different parametric configurations. Each process comprises
1000 realizations and is given by:

Xt = σtεt, (3.1)
σ2
t = ω + αX2

t−1 + βσ2
t−1, (3.2)

where εt ∼ 𝒩 (0, 1). We set ω = 10−5 in each configura-
tion. To work with meaningful magnitudes for α and β, we
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Table 1. Summary of GARCH(1,1) fits, derived by their
closeness to the minimum (Min), first quartile (Q1), median
(Median), third quartile (Q3), and maximum (Max) across
the 503 persistence parameters (ρ). Besides the coefficients,

we also display prevailing ticker symbols as well as the
number of observations comprised by the fit. The underlying

data is sourced from Yahoo Finance.

α β ρ

Min 0.0623 0.7390 0.8013
Q1 0.1223 0.8548 0.9771
Median 0.0600 0.9287 0.9887
Q3 0.0896 0.9054 0.9950
Max 0.0197 0.9795 0.9992

collect daily closing prices for each 503 constituents of the
S&P 500 as of May 3, 2023, where the earliest starting date
is January 1, 1970. We fit the GARCH(1,1) model to the
log return sequences of each asset and record the estimated
coefficients—see Table 1 for the descriptive statistics on the
estimates of α and β across all 503 time series.

The persistence of the conditional variance process is
ρ = α + β. If ρ < 1, the process is strictly stationary [6].
As reported in Table 1, U.S. large-cap equity returns ex-
hibit notable persistence. For our simulations, we select five
configurations from the 503 candidates based on their prox-
imity to the minimum (Min), first quartile (Q1), median
(Median), third quartile (Q3), and maximum (Max) of all
persistence parameters estimated.

We ‘forecast’ the 1-day ahead conditional variance of the
GARCH(1,1) sequence by estimating the realized variance
over varying interval lengths. We examine the forecasting
accuracy in terms of the mean squared forecasting error
(MSFE) and calculate this measure for (i) a locally adap-
tive estimation procedure incorporating the proposed test
for homogeneity in variance; and (ii) various rolling win-
dow estimators relying on a fixed interval length. We use
𝒢 = {25, 50, 75, 100, 125, 150} as the grid, run τ on each ob-
servation in 𝒥k = ℐk\ℐk−1, and set a significance level of
α = 0.025 for testing.

In Figure 7, we present the ratios of the MSFE for the
LCP algorithm relative to a specific fixed window estimator.
A ratio below one indicates that the LCP method outper-
forms the fixed window approach. As is visible, there is no
clear relationship between the persistence of the process and
the predictive performance of the models considered. Longer
interval lengths improve accuracy in environments with ei-
ther very low or very high persistence (“Min” and “Max”),
while shorter ones excel in “moderate” persistence settings
(“Q1”, “Median” and “Q3”). Interestingly, in the “Max” sce-
nario, which features the highest persistence and the largest
magnitude of β, neither the estimators with the smallest
(k = 1) nor those with the largest window lengths (k = 5)
rank among the most accurate predictive models. Although

our locally adaptive approach never outperforms all bench-
marks (based on the median, it beats at least three out of
five benchmarks in four out of five cases), no benchmark
constantly outperforms the LCP approach across all scenar-
ios. Because persistence in practice is unknown or may even
be subject to structural breaks, these findings underscore
the benefit of locally adaptive estimation over fixed-window
methods.

4. APPLICATIONS
We evaluate the ability of our test for homogeneity in

variance to detect potential breaks in economic and financial
time series data. Specifically, we examine (i) the month-
over-month log inflation in the U.S.; (ii) the monthly log
growth of U.S. industrial production; and (iii) the daily log
returns from Bitcoin (BTC). Regarding BTC, we also study
change point detection in the mean and the variance of the
logarithm of the absolute values of daily returns, following
ideas in [23].

In line with our simulation studies, we employ Poisson
weights in the multiplier bootstrap, set the bootstrap sam-
ples to B = 1000 and the significance level to α = 0.025.
Moreover, throughout all procedures, we let τ run on each
observation and employ 𝒢 = {25, 50, 75, 100, 125, 150} as the
grid.

4.1 U.S. Month-over-Month Inflation Rates
In recent years, the variance of consumer prices changes

has made price stability a central topic. Therefore, our first
analysis focuses on month-over-month inflation rates in the
U.S., computed from the seasonally adjusted core consumer
price index (CPIt), excluding energy and food. The data
spans from January 1957 to September 2023, comprising
802 observations.

We fit ARIMA(p, d, q) models to monthly log inflation
rates rt and extract the residuals εt. Both the original se-
ries and the residuals are treated as data sequences for the
application of our LCP procedure. Model selection based
on various information criteria (AIC, AICc, and BIC) sug-
gests an ARIMA(0, 1, 1) specification. The presence of a unit
root is further supported by an augmented Dickey–Fuller
test.

Figure 8 displays the results. For both sequences (rt and
εt), we present the estimated index k̂t and the correspond-
ing locally adaptive estimates for the log variance. The LCP
identifies a break in the late 70s and early 80s for both se-
ries, associated with high inflation levels. Since then, the
variance has appeared fairly constant. Additionally, we ob-
serve a break in variance between 2016 and 2018, coinciding
with a reduction in variance. Another break in the variance
is detected around the start of the COVID-19 pandemic.
Comparing the results across both sequences, the LCP pro-
cedure on rt identifies an additional break in variance at
the beginning of our sample. The results demonstrate the
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effectiveness of our LCP detection procedure, whether ap-
plied to the raw signal or the residuals of the ARIMA fit,
in identifying changes in the variance of month-over-month
inflation rates.

4.2 Monthly Growth Rates in U.S. Industrial
Production

The Great Moderation, characterized by reduced variance
in the growth rates of industrial production from the mid-
1980s until at least 2007, is a widely discussed phenomenon
in macroeconomic literature [22]. In our second analysis, we
apply the LCP to monthly growth rates of U.S. industrial
production (monthly seasonally adjusted index INDPRO),
covering the period from February 1919 to September 2023,
with 1,257 observations. We calculate monthly log growth
rates, again denoted here by rt, and also extract, as previ-
ously, the residuals from an ARIMA(2, 0, 3) model, following
a same search methodology as above.

Figure 9 presents the results for both data sequences,
which are qualitatively very similar. The LCP procedure
identifies numerous structural breaks in the variance, par-
ticularly before 1960. After 1965, another break in variance
is observed, followed by a prolonged period of homogeneity
with historically low variance lasting until the mid-80s. At
this point, the procedure detects a new change. The subse-
quent period, characterized by even lower variance, extends
until 2007. Thus, the locally adaptive approach not only de-
livers results that align precisely with the Great Moderation
but, remarkably, also identifies the period from 1970 to the
mid-1980s as a time of relatively low variance.

4.3 Daily Bitcoin Returns
In our last application, we analyze the historical variance

of Bitcoin (BTC) using daily closing prices from January 1,
2016, to November 30, 2023 (2,891 observations). For this
purpose, we calculate the daily log returns rt of BTC.

Figure 10 presents the outcomes for rt. Initially, we ob-
serve a high number of breaks in variance in the first half
of the sample, whereas breaks become considerably less fre-
quent in the latter half. Several variance breaks are detected
during 2017/18, coinciding with sharp price fluctuations in
BTC. Additional variance breaks are noted in 2018/19. Fur-
ther, the LCP procedure indicates a growing period of ho-
mogeneity until the rapid price decline triggered by the re-
cession induced by the COVID-19 pandemic. Since 2022,
the variance has been fairly constant. As Figure 10 shows,
breaks in variance tend to occur during extreme price move-
ments, both positive and negative. The fewer change points
over time possibly indicate the maturation of the cryptocur-
rency market.

Figure 11 provides another perspective, focusing on the
variance of BTC and its volatility. To this end, we com-
pute log |rt| as a (rough) measure of daily volatility. Conse-
quently, the mean estimator, applied to {log |rt|} becomes

an estimator of variance, while the variance estimate is in-
terpretable as a measure of volatility of variance. Therefore,
it is now of interest to apply both tests, the test for homo-
geneity in variance as well as the test for complete homo-
geneity.

The comparison of the estimated intervals of homogene-
ity offers telling insights: Until mid-2017, our procedures
detected changes only in the mean (here meaning: the vari-
ance), as the test for homogeneity in variance (here meaning:
volatility of variance) does not identify any breaks. Likewise,
another period of instability occurred in 2019. These find-
ings align well with the previous analysis of the returns.
Besides these two periods, the sequences of the estimated
intervals of homogeneity are quite similar, suggesting that
changes in the mean (here: variance) might also correspond
to breaks in the variance (here: volatility of variance), see for
instance, at the end of 2017, the beginning of 2020 (COVID-
19), and the end of 2022. When comparing the results across
both characteristics, we see that the volatility of variance
tends to have fewer structural breaks than the variance.
Overall, these observations suggest that a thorough under-
standing of both the variance and the volatility of variance is
essential for effectively modeling the rapidly evolving BTC
market.

5. CONCLUSION
We propose a locally adaptive testing procedure for ho-

mogeneity in variance (allowing for an arbitrary mean) and
for complete homogeneity, where both the mean and vari-
ance are tested jointly. This procedure utilizes a maximum
statistic derived from a generalized likelihood ratio test, re-
lying on critical values from a multiplier bootstrap.

To enhance the efficacy of the simulation, we introduce
a multiplicative bias correction in the bootstrap. Unlike the
traditional additive correction, this multiplicative approach
not only offers a more intuitive interpretation for the boot-
strap estimators, but also reduces computational costs by
allowing all necessary quantities for the bootstrap to be
computed in closed form. Our simulations demonstrate that
tests incorporating the multiplicative bias correction exhibit
size and power properties comparable to those using the ad-
ditive correction. Additional simulations show that the lo-
cally adaptive testing procedure competes well with rolling
window estimators based on a fixed window length, partic-
ularly when the persistence of variance is unknown.

We apply the procedure to several data sequences to de-
tect breaks in the variance in the growth rates of inflation
and industrial production, as well as in cryptocurrency re-
turns. The results suggest that this LCP procedure is a
valuable addition to the empiricist’s toolkit for analyzing
breaks in cases of unconditional heteroskedasticity. Ongoing
research will adapt the methodology to the multivariate use
case.
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APPENDIX A
A.1 Homogeneity in Variance: Additive Bias

Correction
As shown in (2.14), using the additive bias correction,

the third term in (2.12) results in a function of σ2, which
we denote by f ♭

HV a

(︁
σ2

)︁
. Taking the derivative with respect

to σ2 and setting the resulting expression equal to zero, we
obtain

0 = −nLτ

σ2
− nRτ

(σ2 + σ̂2
a)

+
nLτ σ̂

∗2
Lτ

(σ2)2
+

nRτ σ̂
∗2
Rτ

(σ2 + σ̂2
a)

2
,

which can be simplified to the following cubic polynomial in
σ2:

0 = aσ6 + bσ4 + cσ2 + d,

where

a = −nℐ ,

b = nLτ σ̂
∗2
Lτ

− 2nLτ σ̂
2
a − nRτ σ̂

2
a + nRτ σ̂

∗2
Rτ

,

c = nLτ σ̂
2
a(2σ̂

∗2
Lτ

− σ̂2
a),

d = nLτ σ̂
∗2
Lτ

σ̂4
a.

As discussed in Section 2.3, we find the corresponding real
root (σ̂♭∗2

HV a) numerically. Again, our simulations show that
for a sufficiently large sample size, the discriminant of the
cubic polynomial is negative, which translates into a single
real root.

A.2 Complete Homogeneity: Additive Bias
Correction

Testing for complete homogeneity with the additive bias
correction, the third term in (2.21) is a function denoted by
f ♭
CHa

(︁
σ2

)︁
. On differentiating wrt σ2, we find

0 =− nLτ

σ2
− nRτ

(σ2 + σ̂2
a)

+
nLτ σ̂

∗2
Lτ

(σ2)2
+

nRτ
ˆ̃σ∗2
Rτ

(σ2 + σ̂2
a)

2

− [︁
nLτn

2
Rτ

(x̄∗
Lτ

− ¯̃x∗
Rτ

)2
]︁

{︃
1

[nLτ (σ
2 + σ̂2

a) + nRτσ
2]2

− 2σ2(nLτ + nRτ )

[nLτ (σ
2 + σ̂2

a) + nRτσ
2]3

}︃

− [︁
nRτn

2
Lτ

(x̄∗
Lτ

− ¯̃x∗
Rτ

)2
]︁

{︃
1

[nLτ (σ
2 + σ̂2

a) + nRτσ
2]2

− 2(σ2 + σ̂2
a)(nLτ + nRτ )

[nLτ (σ
2 + σ̂2

a) + nRτσ
2]3

}︃
,

which can be cast as the following quintic polynomial in σ2:

0 = aσ10 + bσ8 + cσ6 + dσ4 + eσ2 + f,

where

a = n3
ℐ ,

b = nℐ

{︃
n2
Lτ

(4σ̂2
a − σ̂∗2

Lτ
) + n2

Rτ
(σ̂2

a − σ̂∗2
Rτ

)

+ nLτnRτ

[︁−(x̄∗
Lτ

− ¯̃x∗
Rτ

)2 + 5σ̂2
a − σ̂∗2

Lτ
− σ̂∗2

Rτ

]︁}︃
,

c = nLτnℐ σ̂2
a

{︃
3nRτ σ̂

2
a + nLτ (6σ̂

2
a − 4σ̂∗2

Lτ
)

− 2nRτ

[︁
(x̄∗

Lτ
− ¯̃x∗

Rτ
)2 + σ̂∗2

Lτ
+ σ̂∗2
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,

d = nLτ σ̂
4
a

{︃
n2
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(4σ̂2
a − 6σ̂∗2

Lτ
)− n2

Rτ

[︁
(x̄∗
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)2 + σ̂∗2
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]︁

+ nLτnRτ

[︁−(x̄∗
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)2 + 3σ̂2
a − 6σ̂∗2
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− σ̂∗2
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,

e = n2
Lτ

σ̂6
a

[︁
nLτ σ̂

2
a − 2σ̂∗2

Lτ
(2nLτ + nRτ )

]︁
,

f = −n3
Lτ

σ̂∗2
Lτ

σ̂8
a.

As discussed in Section 2.4, we find the corresponding real
root (σ̂♭∗2

CH) numerically. Again, our simulations indicate that
the quintic polynomial’s discriminant for adequately large
samples is always positive; hence, a single real root exists.
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A.3 Size Discrepancy

Figure 2: Size discrepancies (under H0) for both tests and each of the two i.i.d. DGPs. Red lines refer to tests utilizing
the multiplicative bias correction in the multiplier bootstrap, while blue ones refer to additive versions. Results from the
χ2-test are illustrated by grey lines. Sample sizes are depicted in dotted, dashed, or solid lines for nℐ = {10, 50, 100},
respectively. Configuration of LCP: M = 1000, B = 1000 and u ∼ Poi(1).
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A.4 Power: Break in 𝝁

Figure 3: Local power plots in the scenario of a change in mean for both tests and each of the two i.i.d. DGPs. Red
lines refer to tests utilizing the multiplicative bias correction in the multiplier bootstrap, while blue ones refer to additive
versions. Results from the χ2-test are illustrated by grey lines. Sample sizes are depicted in dotted, dashed, or solid lines
for nℐ = {10, 50, 100}, respectively. Configuration of LCP: M = 1000, B = 1000 and u ∼ Poi(1).
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A.5 Power: Break in 𝝈2

Figure 4: Local power plots in the scenario of a change in variance for both tests and each of the two i.i.d. DGPs. Red
lines refer to tests utilizing the multiplicative bias correction in the multiplier bootstrap, while blue ones refer to additive
versions. Results from the χ2-test are illustrated by grey lines. Sample sizes are depicted in dotted, dashed, or solid lines
for nℐ = {10, 50, 100}, respectively. Configuration of LCP: M = 1000, B = 1000 and u ∼ Poi(1).
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A.6 LCP: Unconditional Changes in Parameters

Figure 5: Summary of local change point detection procedures for both tests and each of the two i.i.d. DGPs. Red lines
refer to tests utilizing the multiplicative bias correction in the multiplier bootstrap, while blue ones refer to additive
versions. The dotted and dashed vertical line either depicts a change in the mean or variance. Dark and light colors
refer to cross-sectional means and medians. The shaded area is bounded by the cross-sectional 0.05 and 0.95 percentile.
Configuration: u ∼ Poi(1), M = 1000, B = 1000, α = 0.025, 𝒢 = {50, 100, 150, 200, 250, 300}, τ = 2.
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Figure 6: Summary of local change point detection procedures for both tests for DGPs of the ARMA type, using the
multiplicative bias correction in the multiplier bootstrap. The dotted and dashed vertical line either depicts a change
in the residual variance or both ARMA(1, 1) coefficients, both scenarios affecting the unconditional variance. Dark and
light colors refer to cross-sectional means and medians. The shaded area is bounded by the cross-sectional 0.05 and 0.95
percentile. Configuration: u ∼ Poi(1), M = 1000, B = 1000, α = 0.025, 𝒢 = {50, 100, 150, 200, 250, 300}, τ = 2.
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A.7 LCP: Conditional Changes in Variance

Figure 7: Summary of forecasting performances for each considered GARCH(1,1) configuration (see also Table 1), which
were selected to span a range of persistence levels ρ, from minimum to maximum, as detailed in the main text. The
scatter plots depict ratios in mean squared forecasting errors (Ratio-MSFE) between the locally adaptive estimator in
the numerator and the naive benchmarks in the denominator. The set of naive benchmarks comprises rolling window
estimators relying on a fixed interval length, which we derive from 𝒢 excluding its last element. For example, ℐk=3 refers
to the third element in 𝒢, corresponding to a sample of length 75. Configuration: u ∼ Poi(1), M = 1000, B = 1000,
α = 0.025, 𝒢 = {25, 50, 75, 100, 125, 150}, τ = 1.
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A.8 U.S. Month-over-Month Inflation Rates

Figure 8: The first panel presents monthly values for the seasonally adjusted U.S. core consumer price index, sourced via
the FRED database. The second and fifth panels show the monthly log inflation rates and the residuals filtered from an
ARIMA(0, 1, 1) model. The third and sixth panels depict the estimated index k̂ of the interval of homogeneity at t for
both signals individually. The fourth and seventh panels illustrate the respective log variance estimates at each point t,
for (i) our locally adaptive approach (in black) and (ii) an in-sample fitted GARCH(1, 1) model in the case of εt (in grey).
Configuration: u ∼ Poi(1), B = 1000, α = 0.025, 𝒢 = {25, 50, 75, 100, 125, 150}, τ = 1.
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A.9 Monthly Growth Rates in U.S. Industrial Production

Figure 9: The first panel presents monthly values for the seasonally adjusted U.S. industrial production index, sourced
via the FRED database. The second and fifth panels show the log growth rates and the residuals filtered from an
ARIMA(2, 0, 3) model. The third and sixth panels depict the estimated index k̂ of the interval of homogeneity at t for
both signals individually. The fourth and seventh panels illustrate the respective log variance estimates at each point t,
for (i) our locally adaptive approach (in black) and (ii) an in-sample fitted GARCH(1, 1) model in the case of εt (in grey).
Configuration: u ∼ Poi(1), B = 1000, α = 0.025, 𝒢 = {25, 50, 75, 100, 125, 150}, τ = 1.
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A.10 Daily Bitcoin Returns

Figure 10: The first panel presents daily closing prices for Bitcoin, sourced via Yahoo Finance. The second panel depicts
daily log returns rt, and the third one shows the estimated index k̂ of the interval of homogeneity at t. The fourth panel
illustrates the log variance estimates at each point t, for (i) our locally adaptive approach (in black) and (ii) an in-sample
fitted GARCH(1, 1) model (in grey). Configuration: u ∼ Poi(1), B = 1000, α = 0.025, 𝒢 = {25, 50, 75, 100, 125, 150},
τ = 1.
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Figure 11: The first and second panels present daily closing prices for Bitcoin and the daily log returns rt, sourced
via Yahoo Finance. The third panel shows the logarithm of the absolute values of the returns log(|rt|), on which we
perform the LCP procedures. We add the mean estimated in the locally adaptive manner (in grey), relying on our test
for complete homogeneity. The fourth and fifth panels exhibit the estimated index k̂ of the interval of homogeneity at t,
either for (i) complete homogeneity or (ii) for homogeneity in variance, respectively. The sixth panel illustrates locally
adaptive estimates of log volatility at each point t (complete homogeneity in grey and homogeneity in variance in black).
Configuration: u ∼ Poi(1), B = 1000, α = 0.025, 𝒢 = {25, 50, 75, 100, 125, 150}, τ = 1.
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APPENDIX B

B.1 Using Unscaled Weights in the MBS
As discussed in Section 2.3, in our implementation across

all test versions, we ensure that
∑︁

t∈j ut = nj , for j =
Lτ , Rτ . This is achieved by normalizing {ut}t∈j during each
MBS iteration. The normalization offers two advantages: (i)
it allows us to maintain more compact formulae in the main
text; and (ii) it helps maintain lower size discrepancies, es-
pecially under misspecification. It must be noted, however,
that normalizing introduces linear dependence among the
weights, which diminishes the larger the sample.

Without normalization, and in contrast to (2.11), the
bootstrapped log-likelihood function is given by:

L♭
j

(︁
μ, σ2 | Xt∈j

)︁
=− 1

2
log(2π)

nj∑︂
t=1

ut − 1

2
log σ2

nj∑︂
t=1

ut

− 1

2σ2

nj∑︂
t=1

ut (xt − μ)
2
,

= −Uj

2
log(2π)− Uj

2
log σ2 − Uj

2

σ̂∗2
j

σ2

− Uj

2σ2
(x̄∗

j − μ)2, (B.1)

where we have Uj =
∑︁nj

t=1 ut, wt = ut/Uj , σ̂∗2
j =∑︁

t∈j wt(xt − x̄∗
j )

2 and x̄∗
j =

∑︁
t∈j wtxt, for j = {Lτ , Rτ}.

Note that
∑︁nj

t=1 ut/nj
p→ 1 and

∑︁nj

t=1 u
2
t/nj

p→ 1.
Thus, for j = {Lτ , Rτ}, the first two summands in (2.12)

now obtain as

sup
μ∈ℝ, σ2>0

L♭
j

(︁
μ, σ2 | Xt∈j

)︁
=− Uj

2
log(2π)

− Uj

2
log σ̂∗2

j − Uj

2
. (B.2)

B.2 Unscaled Weights: Homogeneity in
Variance

Additive bias correction. The bootstrapped log-
likelihood function over both intervals, without normaliza-
tion and combined with the additive bias correction, is:

f ♭
HV a(σ
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(︁
x̄∗
Lτ
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a
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2
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σ2 + σ̂2
a
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where we find the maximizer for (B.3) numerically, as dis-
cussed in Appendix A.1.

In summary, the bootstrapped test statistic is

T ♭
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2
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2
− ULτ

2
log σ̂∗2
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− URτ

2
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)︂
. (B.4)

Multiplicative bias correction. Using the multiplica-
tive bias correction, we have:

f ♭
HVm(σ2) =L♭

Lτ

(︁
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Lτ

, σ2 | Xt∈Lτ
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, (B.5)

for which, as in (2.17) and (2.18), we can find the unique
maximizer
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ULτ σ̂
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+ URτ σ̂
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The bootstrapped test statistic is given by
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B.3 Unscaled Weights: Complete
Homogeneity

Additive bias correction. We follow the same logic as
outlined in the main text. First, we derive μ as a function
of σ2, which equals

μ(σ2) =
ULτ
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Utilizing (B.8), we find the bootstrapped log-likelihood
function over both intervals, using the additive bias correc-
tions; it is
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where, as in (2.24), we have x̃t∈Rτ = {xt − μ̂a}t∈Rτ
, with

ˆ̃σ∗2
Rτ

and ¯̃x∗
Rτ

as the respective ML estimators. Further, we
maximize (B.9) numerically, as discussed in Appendix A.2
in the main document.

This yields the following bootstrapped test statistic:

T ♭
ℐ,τ =− Uℐ

2
log(2π)− Uℐ

2
− ULτ

2
log σ̂∗2

Lτ
− URτ

2
log σ̂∗2

Rτ

− f ♭
CHa(σ̂

♭∗2
CHa). (B.10)

Multiplicative bias correction. Considering the mul-
tiplicative bias correction for σ2, we have
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such that the bootstrapped log-likelihood function over both
intervals equals

f ♭
CHm(σ2) =L♭

Lτ

(︁
μ̂, σ2 | Xt∈Lτ

)︁
+ L♭

Rτ

(︁
μ̂+ μ̂a, σ

2σ̂2
m | Xt∈Rτ

)︁

=− Uℐ
2

log(2π)− ULτ

2
log σ2 − ULτ

2

σ̂∗2
Lτ

σ2

− URτ

2
log

(︁
σ2σ̂2

m

)︁− URτ

2

ˆ̃σ∗2
Rτ

σ2σ̂2
m

− ULτ U2
Rτ

2

σ2
(︁
x̄∗
Lτ

− ¯̃x∗
Rτ

)︁2
[ULτ (σ

2σ̂2
m) + URτσ

2]
2

− URτ U2
Lτ

2

(︁
σ2σ̂2

m

)︁ (︁
¯̃x∗
Rτ

− x̄∗
Lτ

)︁2
[ULτ (σ

2σ̂2
m) + URτσ

2]
2 .

(B.12)

As in (2.28) and (2.29), we find the closed-form unique
maximizer of (B.12). It takes the form
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Thus, the bootstrapped test statistic is given by
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B.4 Simulation Evidence Based on Unscaled
Weights

To compare the size of the proposed homogeneity tests re-
lying on the multiplier bootstrap, with either (i) normalized
weights (as in the main document) or (ii) unscaled weights
(as outlined in this supplement), we follow the design of the
respective simulation study motivated in Section 3.1.

In summary, we consider: weights {ut} from a Poisson
distribution with λ = 1, B = 1000, M = 1000, nLτ =
nRτ = {5, 25, 50} with nℐ = {10, 50, 100} as well as α =
{0.025, 0.05, 0.1}. Again, we consider two DGPs; we sample
from a normal distribution 𝒩 (0, 1) and from a standardized
t(5)-distribution.

Figures 12 and 13 illustrate the size discrepancies for the
respective DGPs. A comparison between normalized weights
and unscaled weights reveals that the normalization tends
to reduce size distortions, especially for moderately large
sample sizes, such as nℐ = {50, 100}. This effect is appears
to be pronounced when testing for homogeneity in variance
under correct model specification, regardless of the bias cor-
rection applied. Under model misspecification, normalizing
the weights improves the size of both tests across all con-
sidered bias correction setups, except for small sample sizes,
such as nℐ = 10 with nLτ = nRτ = 5.
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B.5 Size Discrepancy: Unscaled Weights in the MBS

Figure 12: Size discrepancies (under H0) for both tests in the case of the i.i.d. DGP, where we have X ∼ 𝒩 . Red lines refer
to tests utilizing normalized MBS weights, while blue ones refer to tests incorporating unscaled realizations. Results from
the χ2-test are illustrated by grey lines. Sample sizes are depicted in dotted, dashed, or solid lines for nℐ = {10, 50, 100},
respectively. Configuration of LCP: M = 1000, B = 1000 and u ∼ Poi(1).
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Figure 13: Size discrepancies (under H0) for both tests in the case of the i.i.d. DGP, where we have X ∼ t5. Red lines refer
to tests utilizing normalized MBS weights, while blue ones refer to tests incorporating unscaled realizations. Results from
the χ2-test are illustrated by grey lines. Sample sizes are depicted in dotted, dashed, or solid lines for nℐ = {10, 50, 100},
respectively. Configuration of LCP: M = 1000, B = 1000 and u ∼ Poi(1).
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