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Abstract
In extreme value analysis, the impact of rounding in data, a form of quantization, on statistical inferences beyond

point estimation has not been comprehensively studied. This paper addresses these challenges by considering rounded
data as interval-censored. The maximum likelihood estimators of the model parameters tailored to account for interval
censoring are asymptotically unbiased and efficient. Further, we adapt classic goodness-of-fit tests, such as the Anderson-
Darling test, for rounded data based on the maximum likelihood estimator. The resulting tests have appropriate sizes and
considerable power. One application of such tests is threshold selection for the peak over threshold approach in extreme
value analysis. The efficacy of our estimation approach and the goodness-of-fit tests are demonstrated through a simulation
study involving data rounded from generalized Pareto distributions. Applying this method to precipitation data from 18
stations in eastern Washington, an area with typically low precipitation and expecting a significant rounding effect, we
observe narrower interval estimates of return levels.
keywords and phrases: Discretized continuous distribution, Interval-censored, Quantized data, Threshold selection.

1. INTRODUCTION
Accurate extreme value modeling is essential in fields such

as climate science and risk assessment, where return level
estimation informs infrastructure planning and policy deci-
sions. However, when data are rounded (i.e., quantized to
a grid), standard statistical inference can become biased,
leading to unreliable conclusions [12, 13]. One especially
delicate area in the automated threshold selection proce-
dure [4], where a sequence of goodness-of-fit tests are used
to assess whether exceedances above a candidate threshold
follow a generalized Pareto distribution (GPD). The pro-
cedure identifies the lowest threshold at which the GPD is
statistically acceptable while controlling the False Discovery
Rate (FDR) [16]. Because the selected threshold directly af-
fects parameter estimation and return-level predictions, any
distortion in the testing step can propagate into serious in-
ferential error.

A practical workaround is jittering, a multiple-imputa-
tion method. In each imputation, every rounded value is
perturbed within its rounding interval, the resulting data
is analyzed as continuous data, and the results are pooled
across imputations. This method is easy to implement and
can work adequately when rounding is minor. However, it
has drawbacks. It may induce bias in point estimates (as our
simulations show). Its interval estimates depend on combin-
ing within- and between-imputation variances [28], which
many users may not employ. And for goodness-of-fit tests,
aggregating statistics across imputations (e.g., via medians)
∗Corresponding author.

has been shown not to reliably reproduce the null distribu-
tion [4, Supplement, Figure S5]. Therefore, while jittering is
a convenient workaround, it does not fully resolve the dis-
tortions caused by quantization, particularly for threshold
choice and tail inference.

The impact of data rounding on extreme value analysis
has been widely studied. Ignoring it leads to distorted sizes
of goodness-of-fit tests [12] and poor performance in pa-
rameter estimation [13]. Solutions treating rounded data as
interval-censored have emerged in applications dealing with
rounded durations and count-based extreme value problems
[24, 27]. Both studies use a discretized GPD, obtained by
rounding a continuous GPD [18] to integers. One applied to
dry-spell analysis in days [24], while the other modeled hos-
pital congestion events based on daily emergency room visits
[27]. While these methods leverage interval censoring to ac-
count for rounding effects, they do not generalize to contin-
uous variables rounded at finer levels, such as precipitation
recorded to the nearest 0.1 or 0.01 inches. No study has
systematically examined the estimation of extreme precipi-
tation under these rounding levels, and existing approaches
provide no statistically valid goodness-of-fit test that main-
tains correct size under rounding.

Statistical methods for inference under rounding have
been widely studied [17, 29]. A common assumption is that
rounding errors follow a uniform distribution over a symmet-
ric interval with length equal to the rounding precision and
are independent of both the rounded and true values. Early
work recognized that rounded data require a distinct likeli-
hood function, treating them as interval-censored [20], and
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later research developed likelihood-based estimation meth-
ods for specific distributions [15, 33]. For serially dependent
data, where the full likelihood is intractable, composite like-
lihood approaches have been introduced for quantized time
series models [5], with consistency and asymptotic normal-
ity established [36]. Despite these advances, the adoption
of statistical methods for rounded data in extreme value
modeling remains limited among practitioners, with param-
eter estimation and goodness-of-fit testing under rounding
receiving little attention until recently. While prior work ex-
amined how symmetric and asymmetric rounding affect es-
timation accuracy [29], systematic investigations into valid
goodness-of-fit tests and their performance remain lacking,
particularly for threshold-based extreme value analysis.

We provide a well-tested toolset for parameter estima-
tion and goodness-of-fit testing under rounding error. The
parameters are estimated by maximizing the true likelihood
of the observed rounded data, constructed using interval
censoring, which coincides with the continuous-data likeli-
hood when no rounding error is present. For goodness-of-fit
tests, we treat rounded data as discrete and adapt stan-
dard tests originally designed for continuous data, with p-
values obtained through parametric bootstrap. This work
makes three key contributions. First, we examine bias cor-
rection in parameter estimation under realistic rounding lev-
els in precipitation data. Second, we study valid goodness-of-
fit tests under rounding, demonstrating that tests adapted
from continuous data, particularly the Anderson–Darling
test, have higher power. Third, we show that applying a
valid goodness-of-fit test directly impacts automated thresh-
old selection, leading to different results in extreme value
analysis. In extensive simulations, the MLEs of the GPD pa-
rameters appeared unbiased, goodness-of-fit tests held their
sizes, and the adapted tests had substantial power. Applying
this method to threshold selection in the POT framework
for 18 eastern Washington stations resulted in different se-
lection outcomes, leading to large differences in return level
estimation.

The rest of the paper is organized as follows. Section 2
introduces the problem setup and presents estimation based
on the true likelihood. Section 3 adapts classic goodness-of-
fit tests for the GPD to handle rounded data. A simulation
study in Section 4 evaluates the performance of the MLE
and the goodness-of-fit tests. Section 5 applies the methods
to automated threshold selection in extreme value analysis
for precipitation at 18 sites in eastern Washington State.
Section 6 concludes with a discussion.

2. LIKELIHOOD ESTIMATION
In extreme value theory, threshold exceedances are

asymptotically modeled by GPD under broad conditions.
This fundamental result [26] provides the theoretical foun-
dation for using the GPD in threshold-based extreme value

modeling. Without loss of generality, consider a GPD with
location zero and distribution function

F (x;σ, ξ) =
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⎩1−
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(2.1)

where σ ∈ [0,∞) and ξ ∈ (−∞,∞) are scale and shape
parameters, respectively. The support of the distribution is
x ≥ 0 if ξ ≥ 0 and 0 ≤ x ≤ −σ/ξ if ξ < 0. Random sam-
ples X = (X1, . . . , Xn) of size n are drawn from F (·;σ, ξ).
Without rounding, we would observe x = (x1, . . . , xn). With
rounding, however, we only observe a rounded version of
x subject to a known rounding level δ > 0. Each ob-
served data point is rounded to the nearest multiple of δ.
The observed rounded sample x∗ = (x∗

1, . . . , x
∗
n) satisfies

x∗
i = δ⌈xi/δ − 0.5⌉ for i = 1, 2, . . . , n, where ⌈t⌉ is the ceil-

ing integer of t, that is, the least integer greater than or
equal to t. Our task is to estimate σ and ξ based on the
observed data x∗.

When data are subject to rounding, the observed val-
ues follow a discretized version of the underlying continu-
ous distribution. In the context of extreme value analysis,
threshold exceedances of unrounded data are modeled by
GPD, and the same principle applies when data are quan-
tized. That is, the rounded data should follow a discretized
GPD [24, 27, 18]. This forms the foundation of our likeli-
hood construction. However, naive approaches that ignore
this fact and treat rounded data as continuous can lead to
substantial bias in parameter estimation [13]. These works
highlight the impact of rounding but do not provide solu-
tions, leaving the validity of statistical inference unresolved.
Our approach explicitly incorporates discretization into the
likelihood function, ensuring that estimation and goodness-
of-fit tests remain valid under rounding effects.

The contribution of observation x∗
i to the likelihood is
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where t+ = max(0, t) and [(x∗
i − δ/2)+, x∗

i + δ/2) is a half-
open interval. Note that x∗

i +δ/2 can be beyond the support
of the distribution if ξ < 0, but it has no influence to the
MLE since F (x∗

i + δ/2) = 1 in this case. The loglikelihood
function is thus
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(2.3)
The maximizer of the loglikelihood (2.3), (σ̂, ξ̂) is the MLE
of (σ, ξ). As long as ξ > −0.5, the MLE is asymptotically
unbiased and normally distributed [10], with variance being
the inverse of the Fisher information matrix [31].
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The likelihood contribution in (2.2) is the key to con-
struct the correct likelihood based on the rounded data. A
naive treatment is to ignore the rounding, pretending that
the rounded data are continuous observations. In that case,
the likelihood contribution of x∗

i is f(x;σ, ξ), where f is the
probability density function of F (x;σ, ξ). As δ → 0, the
contribution in (2.2) divided by δ converges to f(x∗

i ;σ, ξ)
for x∗

i > 0 and to f(0;σ, ξ)/2 for x∗
i = 0. The resulting esti-

mator, hereafter referred to as MLE-N, is similar to the true
MLE only when δ is small relative to the scale of the dis-
tribution. As will be demonstrated in the simulation study,
when δ increases, the bias of the MLE-N increases while the
true MLE remains unbiased. Further, for large samples, the
variance of the true MLE can be reasonably well estimated
by the inverse of the Fisher information matrix.

3. GOODNESS-OF-FIT TEST
Let Fδ(·;σ, ξ) be the discretized version of F (·;σ, ξ) with

rounding level δ > 0. For a given parameter vector (σ, ξ),
Fδ(t;σ, ξ) is the distribution function of a discrete random
variable with support t ∈ {0, δ, 2δ, . . .}; at each point in the
support, we have Fδ(t;σ, ξ) = F (t+δ/2;σ, ξ). The goodness-
of-fit test is to test

H0 : x∗ is a random sample from distribution function
Fδ(·|σ, ξ) for some (σ, ξ). (3.1)

That is, we are testing that the data come from a discretized
version of a GPD distribution with unknown parameters.

3.1 Chi-Squared Test
The first test to be considered is the chi-squared (CS)

test [25], which applies to both continuous and discrete data.
Suppose that the data are grouped into k bins. The testing
statistic is

χ2 =

k∑︂
i=1

(Oi − Ei)
2

Ei
,

where Oi is the observed count and Ei is the expected count
in the ith bin, i = 1, . . . , k. In practice, each Ei is usually
set to be no smaller than 5. It is critical to note that the
expected count Ei is calculated based on the MLE (σ̂, ξ̂) of
the parameters of the hypothesized GPD. This MLE should
be the true MLE based on interval censoring instead of the
MLE-N.

To assess the significance of the test, the null distribu-
tion of the testing statistic is needed, which is not as simple
as many think. Only when the parameters are estimated by
minimizing the test statistic does the test statistic under H0

follows a χ2
k−p−1 distribution [14], where p = 2 is the number

of parameters in the GPD case. The MLE in general is not
the same as that estimate. Therefore, the null distribution
of the testing static is between χ2

k−p−1 and χ2
k−1 [7]. We

approximate the p-value of the observed statistic through

parametric bootstrap, where each bootstrap sample is gen-
erated from the fitted distribution with parameters (σ̂, ξ̂)
[32, Chapter 21]. This approach leverages distributional as-
sumptions to create resamples, allowing for more efficient
inference in cases where the assumption is appropriate and
potentially improving accuracy for small samples or struc-
tured problems. See Appendix A for detailed steps.

In our numerical studies, the bins were chosen so that the
fitted relative frequency for each bin is about 0.1.

3.2 Tests Adapted from the Continuous Case
The Kolmogorov–Smirnov (KS) [21, 30], Cramér–von

Mieses (CvM) [11, 35], and Anderson–Darling (AD) [1] tests
are more powerful than the CS test for continuous data. The
test statistics of these tests are obtained by comparing the
empirical distribution function with a fitted parametric dis-
tribution function. The fitted parameter values should be
the true MLE instead of the MLE-N. With a continuous null
distribution, there is no tie in the sample, and the distribu-
tion of these test statistic does not depend on the hypothe-
sized distribution. For a discrete hypothesized distribution,
the calculation of the test statistic remains the same, but the
null distribution of the test statistic does depend on the par-
ticular hypothesized distribution [9, 8]. When the hypothe-
sized discrete distribution contains no unknown parameters,
these tests have been adapted [2] and implemented in pop-
ular software packages [3]. In our case, since the parameters
are estimated, the p-value returned from the software can-
not be used. Again, we use parametric bootstrap to approx-
imate the p-value of each of the KS, CvM, and AD test; see
Appendix A.

Since the observed data are rounded, the fitted distri-
bution is discrete with probability mass function support
points spaced at intervals of δ. Consequently, the test statis-
tics depend on δ through the fitted distribution. However,
δ does not explicitly appear in their expressions, as they
are computed based on the empirical distribution of the dis-
cretized data. The limiting distributions of the test statis-
tics, which are known for continuous data, are affected by
the discrete nature of the fitted distribution. When δ is small
relative to the data scale, the discretized empirical process
closely approximates the continuous one, making the limit-
ing distributions of the test statistics nearly the same as in
the continuous case. However, for larger δ, deviations from
the continuous limiting distributions may become more pro-
nounced. The impact of δ on the empirical size and power
of the tests is evaluated in the simulation study.

As to be shown in the simulation study, these tests have
higher power than the CS test in this application as we
conjectured.

4. NUMERICAL STUDY
A numerical study was carried out to validate the per-

formance of the proposed estimator and the goodness-of-fit
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tests. The true parameters (σ, ξ) were set to be σ ∈ {0.3, 3}
and ξ ∈ {−0.1, 0, 0.1}. These settings were chosen to cover
the estimated values of σ and ξ from the Eastern Wash-
ington State dataset, which are approximately 0.3 and 0.1,
respectively. The rounding level δ was set to be 0, 0.01 to
0.1, where δ = 0 meant no rounding, and δ ∈ {0.01, 0.1}
match those the observed rounding levels in the dataset.
In total, we had 2 × 3 × 3 = 18 settings. For each setting,
we generated 1000 datasets with sample size n = 500. The
parametric bootstrap always has 1000 bootstrap replicates.

For comparison, the MLE-N obtained with the rounding
ignored was also applied. In the sequel, the true MLE based
on interval censoring is denoted as MLE-IC, while the naive
MLE is denoted as MLE-N. The maximum likelihood esti-
mates for both methods were obtained using the Optim()
function in Julia, employing the default Nelder-Mead algo-
rithm. [23, 19]. The MLE-N used the moment estimation as
the initial value while MLE-IC used the MLE-N estimation
as the initial value. The estimation for all the datasets con-
verged. As shown in Figure S5 (Q-Q plots) in Supplementary
Materials of [4], although the median AD statistic’s quan-
tiles of jittering are much closer than no adjustment, they
still deviated significantly from the 45-degree line. Since the
jittering method did not have a good fit, we only include
this method in the point estimation.

4.1 Estimation
Figure 1 presents boxplots comparing the estimators from

MLE-N, MLE-IC, and jittering methods for different round-
ing levels (δ), scaling parameters (σ), and location parame-
ters (ξ). Notably, MLE-N and jittering methods exhibit bias
when δ/σ is large. For example, in the case of σ = 0.3 and
δ = 0.1, both σ̂ and ξ̂ from MLE-N and jittering meth-
ods show greater bias compared to MLE-IC. Furthermore,
the magnitude of this bias in MLE-N and jittering meth-
ods systematically increases with increasing δ. These find-
ings align with previous studies [13]. As expected from its
asymptotic properties, MLE-IC method exhibits negligible
bias across all tested δ, σ, and ξ values. This observation
aligns with recent literature [24]. The supplementary mate-
rials (Figure S-1) provide an additional more extreme case
with (σ, ξ) = (0.5, 0.2), and δ = 0.5. In this more extreme
scenario, the bias of MLE-N and jittering methods is even
more pronounced, which further confirms the robustness of
MLE-IC method.

We can also observe the mean squared errors (RMSE)
in Figure 1. The pattern of the RMSE of the MLE-N and
jittering methods in response to δ, σ, and ξ is similar to
pattern of the magnitude of the bias in Figure 1. This is
because the mean squared errors of the MLE-N and jitter-
ing methods are dominated by their biases. Conversely, the
MLE-IC’s RMSE is dominated by variance, which exhibits
a minimal increase with increasing δ. This is intuitive since
higher rounding levels imply less information, but the in-
crease in variance here is negligible compared to MLE-N.

We also investigated the estimated and empirical stan-
dard errors of MLE-IC method, as shown in Figure 2. For
all settings, the average estimated standard errors of MLE-
IC closely matched the empirical standard errors. This sug-
gests that the uncertainty associated with MLE-IC, critical
for statistical inference, can be accurately estimated by in-
verting the Fisher information matrix for the sample size
n = 500 were used in this study.

4.2 Goodness-of-Fit Test
We assessed the size and the power of the goodness-of-

fit test. The size of a test is the maximum probability of
rejecting the null hypothesis when it is true. The power of a
test is the probability of rejecting the null hypothesis when
it is false. The 4 goodness-of-fit test methods presented in
Section 3 (CS, KS, CvM, and AD) were performed on each
setting in Section 4.1. For all four tests, we also performed
a version where the fitted distribution was based on MLE-N
instead of the true MLE-IC. This version helps to show how
seriously wrong the tests based on MLE-N can be.

4.2.1 Size
Figure 3 and 4 show the Q-Q plots of the 1000 p-values

from tests for the settings with (σ, ξ) = (0.3, 0.1) and
δ ∈ {0, 0.01, 0.1}. The results from other settings convey
the same messages and, hence, are not shown. Since the
data were indeed generated from GPD distributions before
being rounded, we expect that the p-values from the 1000
replicates to be uniformly distributed over (0, 1) and, conse-
quently, that the Q-Q plots of the p-values to be around the
45 degree line in the unit square. A large deviation from the
45 degree line means that the null-distribution of the test
statistics being used in the test is invalid and that the test
would not hold its size. The expected Q-Q plot pattern is
observed for four tests — CS, KS, CvM, and AD — when
the fitted distribution were evaluated with MLE-IC. This
is true regardless of the rounding level δ. For the MLE-N,
when there is no rounding or rounding level is 0.01, the Q-
Q plots are still around the 45 degree line. However, when
the rounding level is 0.1, the Q-Q plots from MLE-N have
a large deviation from the 45 degree line.

4.2.2 Power
For the four tests that performed as desired under H0,

we compared their powers when the data were not gener-
ated under H0. In particular, we generated data from dis-
tributions by truncating a hybrid uniform-GPD (HUGPD),
which is uniform below a threshold μ with probability p and
follows a GPD with distribution F (·;σ, ξ) above μ. The den-
sity function of this distribution is given in Equation (4.1)

g(x;μ, σ, ξ) =

{︄
p
μ , 0 < x ≤ μ;

(1− p)f(x− μ;σ, ξ), x > μ,
(4.1)

where f(·;σ, ξ) is the density of a GPD with distribution
function F (·;σ, ξ) in Equation (2.1). To ensure continuity
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Figure 1: Boxplots of MLE-N, MLE-IC, and jittering methods. The upper panels show the estimated scale parameters σ̂
and the lower panels show the estimated shape parameters ξ̂.

at μ, only one of σ and ξ can be free for given (μ, p); we set
σ = pμ/(1 − p). The density of a truncated HUGPD with
truncation point a is

g(x|x > a) =
g(x) · I({x > a})

1−G(a)
, (4.2)

where G(x) is the distribution function of the HUGPD and
I(·) is an indicator function.

In our simulation study, we set μ = 0.3, ξ = 0.1, and
p ∈ {0.8, 0.5, 0.2}, with corresponding σ ∈ {0.075, 0.3, 1.2}.
See Figure 5 for the density functions of the three settings.
The truncation point a were selected from 0.3 to 0 with
step 0.05. As the truncation point decreases, the distribution
shows more and more deviation from a GPD, and the power
of any reasonably good test should increase. The sample size
was set as 250 or 500 and the rounding level was set to be
δ ∈ {0, 0.01, 0.1}. For each setting, 1000 datasets were gen-
erated. For each dataset, the four goodness-of-fit tests were
applied, and H0 was rejected with significance level 0.05.

Figure 6 shows the empirical power of g(x|x > a) for four

statistical tests—AD, CvM, KS, and CS—applied to the
HUGPD, with μ = 0.3, σ = 0.3, ξ = 0.1, and p = 0.5. The
AD and CvM tests outperform the others, with the KS test
following and the CS test showing the least power. As ex-
pected, for a constant sample size, all tests’ power increases
when the truncation point moves from 0.3 to 0, indicating
a greater deviation from the GPD. At a truncation point
of 0.3, the powers of all tests approximate 0.05, suggest-
ing that they maintain their nominal size. Particularly at
a sample size of 500 and a truncation point of 0, the AD
and CvM tests reach almost 100% power across all round-
ing levels, whereas the KS test’s power drops to about 60%
at a rounding level of 0.1, and the CS test’s power remains
low for all rounding levels. The power of all tests decreases
as δ increases with a fixed truncation point and a sample
size of 500, reflecting the expected data loss with higher δ.
However, the decrease in power from δ = 0 to δ ∈ 0.01, 0.1 is
minimal for the AD and CvM tests. Moreover, increasing the
sample size from 250 to 500 enhances the power for all tests.
In conclusion, the AD and CvM tests demonstrate superior
performance in the settings of this study. Two additional
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Figure 2: The estimated and empirical standard error of MLE-IC. The upper panels show the standard error of estimated
scale parameter σ and the lower panels show the standard error of estimated shape parameter ξ.
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Figure 3: Q-Q plots of the p-values from 1000 replicates by the MLE-N method. Samples were generated by GPD with
(σ, ξ) = (0.3, 0.1), and no rounding (first row), δ = 0.01 (second row), and δ = 0.1 (third row).

Figure 4: Q-Q plots of the p-values from 1000 replicates by the MLE-IC method. Samples were generated by GPD with
(σ, ξ) = (0.3, 0.1), and δ = 0.01 (first row), and δ = 0.1 (second row).
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Figure 5: The probability density function of HUGPD g(x−
μ;σ, ξ), where μ = 0.3, σ ∈ {0.075, 0.3, 1.2}, ξ = 0.1, and
p ∈ {0.8, 0.5, 0.2}.

plots from other settings are shown in Figure S-2 and S-3
in the Supplementary Material, where the GPD portion is
the upper 20% and 80% of the mixed distribution. The AD
and CvM tests consistently display the strongest sensitiv-
ity to deviations, while KS and CS tests show lower power.
Doubling the sample size from 250 to 500 markedly increases
power, confirming that the ranking of test strengths remains
stable under more extreme scenarios.

5. APPLICATION TO ANNUAL MAXIMUM
OF DAILY PRECIPITATIONS

The proposed method was applied to model daily precip-
itation data from 18 monitoring stations in eastern Wash-
ington State, covering the period from 1969 to 2018. This
region is significantly drier (approximately 80–85% of days
with no measurable precipitation) than the western part of
the state due to the “rain shadow” effect of the Cascade
Mountains. Since the simulation study suggested that the
difference between MLE-IC and MLE-N is more pronounced
in areas with less precipitation, this dataset provides an
ideal setting to evaluate the impact of properly accounting
for rounding. Daily precipitation data were obtained from
the Global Historical Climatology Network [22]. Given that
most precipitation occurs in winter, we restricted the anal-
ysis to winter months (November through March), resulting
in a total of 7512 winter days from 1969 to 2018. For each
site, we tested 15 candidate thresholds, taking the 70th to
98th percentiles in increments of 2 percent. Although zero
precipitation values are included in the dataset, the lowest
candidate threshold at each station is greater than zero. Pre-
cipitation amounts are recorded to the nearest hundredth of
an inch, meaning δ = 0.01. Missing data were ignored in the

analysis. See Section 2 in the Supplementary Material for
additional details of the analysis.

The automated threshold selection procedure [4] relies
critically on the goodness-of-fit test for the GPD at each
candidate threshold. It uses the ForwardStop procedure [16]
to control the FDR in the sequential testing of ordered null
hypotheses; see steps in Appendix B. However, rounding ef-
fects were not accounted for in the test statistic, which our
method resolves. We focus on the AD test, which demon-
strated the highest power in the simulation study. The re-
sults of the sequential AD tests lead to three possible out-
comes: (1) no threshold is selected by either MLE-IC or
MLE-N; (2) a threshold is selected by MLE-IC but not by
MLE-N; or (3) a threshold is selected by both methods,
but MLE-IC chooses a lower threshold than MLE-N. The
second and third cases highlight the advantage of MLE-IC
in selecting thresholds with more exceedances, leading to
higher efficiency in statistical inference.

To illustrate the differences from the two tests, consider
two stations, one at Chewelah and the other at Ice Har-
bor Dam. The average yearly winter precipitation was 29.13
inches in Chewelah and 14.99 inches in Ice Harbor Dam.
The total number of winter precipitation days was 2533
and 2778, respectively. Table S-2 in the Supplementary Ma-
terial summarizes the candidate thresholds and the corre-
sponding number of exceedances at the two sites. Figure S-
5 in the Supplementary Material shows the p-values at the
15 candidate thresholds at the two sites before and after the
ForwardStop adjustment using the AD test [4]. At Chewe-
lah, the tests based on MLE-N selects threshold 1.75 with
135 exceedances; the tests based on MLE-IC selects 0.25,
which is the 80th percentile, as the threshold with 1596 ex-
ceedances. The number of exceedances from MLE-IC is al-
most 12 times of that from MLE-N. At Ice Harbor Dam,
the tests based on MLE-N rejected all candidate thresholds
while the tests based on MLE-IC selects threshold 0.51 with
430 exceedances. The threshold selected by the tests based
on MLE-IC makes return level estimation possible.

The statistical inference results are largely affected by
the threshold. Figure 7 shows the parameter estimates σ̂
and ξ̂ and their 95% confidence intervals for the two sites if
a threshold was selected. The 95% confidence intervals of σ̂
and ξ̂ are constructed as σ̂±z0.25 ˆ︂SD(σ̂) and ξ̂±z0.025

ˆ︂SD(ξ̂),
respectively, where z0.025 is the 97.5% upper quantile of the
standard normal distribution and ˆ︂SD(·) is the standard error
of estimate. At Chewelah, with a lower threshold and more
exceedances, the parameters are estimated with a much nar-
rower confidence intervals by MLE-IC than those by MLE-
N. At Ice Harbor Dam, the tests based on MLE-IC shows
that the tail of the annual maximum daily can be modeled
by a GPD, allowing estimation of return levels which would
otherwise be impossible if MLE-N were used. Figure S-7
in the Supplementary Material presents the estimated 25-,
50-, 100-, and 200-year return levels along with 95% con-
fidence intervals constructed from profile likelihood for the
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Figure 6: Power of g(x|x > a) for four tests applied to the HUGPD, with μ = 0.3, σ = 0.3, ξ = 0.1, and p = 0.5. Sample
size is 250 and 500.

Figure 7: GPD parameter estimates and 95% confidence intervals. The MLE-N and MLE-IC are obviously different in
both point estimates and uncertainty.
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two sites. The return level estimates from the two methods
at Chewelah are very different, with the confidence interval
based on MLE-N about 10 times wider than that based on
MLE-IC. The return level estimates at Ice Harbor Dam are
smaller than those at Chewelah as expected, with similarly
narrow confidence intervals. In the Supplementary Material,
the time series plots (Figure S-4 in the Supplementary Ma-
terial) with thresholds display the precipitations of the two
stations over time, and the Q-Q plots (Figure S-6 in the
Supplementary Material) show that MLE-IC has a better
fit than MLE-N.

We performed an analysis of the return levels for each of
the 18 sites; the selected thresholds and the corresponding
number of exceedances are summarized in Table S-1 in the
Supplementary Material. Among all 18 stations in eastern
Washington, 9 stations had thresholds selected via MLE-IC,
but only 2 stations had threshold selected via MLE-N. The
stations with a threshold selected via MLE-N are a subset of
those via MLE-IC. At stations where both methods yielded
a threshold, the numbers of exceedances from MLE-IC are
much greater than those from MLE-N, which has impor-
tant implications on inferences on the GPD parameters and
the return levels. Although [4] reported that the jittering
method can also fix some issues, it is an ad-hoc, partial fix
while the MLE-IC provides a complete and desired solution.
If the same analysis were done on all the sites analyzed in
[4], we would expect that some dry sites with no thresh-
old selected may have a threshold selected, and some sites
with a high threshold selected may have a lower threshold
selected. Consequently, return levels at many sites may be
estimated much more accurately.

6. DISCUSSION
Bias in parameter estimation and over-rejection in

goodness-of-fit tests have been documented as consequences
of rounding error in extreme value analyses [12, 13] but with-
out satisfying solutions. Our MLE based on interval censor-
ing and goodness-of-fit tests adapted from continuous distri-
butions to discrete distributions provide a solid, feasible ap-
proach to the problem. The inferences based on the asymp-
totic normality of the MLE appear to be valid for the sam-
ple size investigated. The method has broad applications in
extreme value analyses of precipitation or temperature, po-
tentially leading to significantly different results than those
obtained otherwise. When the generalized extreme value
(GEV) distribution is used, or when some parameters incor-
porate covariates, the interval censoring framework can be
applied as well. This extension may be particularly relevant
in settings where block maxima are subject to rounding.

The correction of the method to the naive approach de-
pends on the rounding level relative to the scale parame-
ter. A change in the measurement unit, for example, from
cm to inch, would result in the same scaling effect on the

estimated scale parameter of GPD accordingly, but the es-
timated shape parameter and the p-value of the goodness-
of-fit should remain the same. The method requires that
the rounding level δ is known and can handle datasets with
multiple rounding levels, such as cases where later data are
recorded with higher precision. Although the AD test for
quantized data has the highest power, it is much more com-
puting intensive than the CS test, especially when δ is small
relative to σ and ξ > 0, as this increases the number of dis-
crete support points. A faster alternative would be of inter-
est. Additionally, in real data applications, the annual max-
imum of daily precipitations may have serial dependence,
which could affect the accuracy of the proposed methods.
Addressing serial dependence merits further research.

The impact of correcting the bias with MLE-IC is great-
est at locations with lower precipitation. Our illustration fo-
cused on 18 eastern Washington stations, which are known
to be much drier than those to the west of the mountains.
In batch studies [4], where a large number of individual sites
are analyzed one by one, we expect more pronounced differ-
ences if MLE-IC were used instead of MLE-N, in terms of
the number of stations with a threshold selected, the num-
ber of exceedances, and the resulting point and interval es-
timates of various return levels. Since threshold selection is
beyond the scope of this paper, we did not study its uncer-
tainty. Bayesian methods could provide a natural approach
for handling this [6, 34].

SUPPLEMENTARY MATERIAL
The Supplementary Material presented additional sim-

ulation results confirming MLE-IC’s robustness under ex-
treme rounding conditions and extended power compar-
isons. It also provided supplementary precipitation data
analysis across 18 eastern Washington stations, showing that
MLE-IC consistently selected lower thresholds and yielded
better model fit and return-level estimates than MLE-N.

APPENDIX A. GOODNESS-OF-FIT TEST
WITH PARAMETRIC

BOOTSTRAP
The parametric bootstrap procedure for a goodness-of-fit

test with testing statistics S that depends on some estimator
of the parameters are summarized as follows.

1. Obtain estimates of GPD parameters (σ̂, ξ̂) from the
data x∗.

2. Calculate test statistic S based on (σ̂, ξ̂).
3. For i ∈ {1, . . . , B}, where B is a large number repre-

senting the number of bootstrap replicates:
(a) Generate a sample x(i) of size n from a GPD with

fitted parameter (σ̂, ξ̂).
(b) Round x(i) to x(i)∗ with rounding level δ.
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(c) Obtain GPD parameter (σ̂(i), ξ̂(i)) based on boot-
strap sample x(i)∗.

(d) Calculate the test statistic S(i) based on
(σ̂(i), ξ̂(i)).

4. Approximate p-value by

p̂ =
0.5 +

∑︁B
b=1 I(S

(b) > S)

B + 1
,

where I(·) the indicator function.

APPENDIX B. FORWARDSTOP IN
ORDERED HYPOTHESES

TESTING
ForwardStop is used to control the false discovery rate at

level α. It has demonstrated resilience to various data dis-
tributions, including those with correlated p-values, which
is relevant to our threshold selection process[16]. Consider a
sequence of ordered hypothesis H

(i)
0 , i = 1, . . . , L. They are

ordered in the sense that if H(i)
0 is rejected, then all H(j)

0 for
j < i will be rejected. In the context of threshold selection
with candidate thresholds u1 < · · · < uL [4], the sequence
of null hypotheses are

H
(i)
0 : the distribution of the observations exceeding ui follow

a GPD.

That is, if the ui is rejected as a threshold, then any thresh-
old lower than uj would be rejected.

The detailed steps of calculating ForwardStop adjusted
p-values are as follows.

1. Obtain the p-values p1, . . . , pL of the L hypotheses.
2. Arrange the p-values in reverse order p′1 = pL, . . ., p′L =

p1.
3. For k = 1, . . . , L, calculate the corresponding q′1, . . . , q

′
L

by qk = 1
k

∑︁k
j=1 − log(1− p′k).

4. Arrange the p-values q′1, . . . , q
′
L in reverse order to

q1 = q′L, . . ., qL = q′1, and then qk is the corresponding
ForwardStop adjusted p-value of pk for k = 1, . . . , L.
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