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Abstract

Social networks primarily focus on the phenomenon of the contagion effect when examining behavior patterns within
specific social groups. However, the impact of peer effects is characterized by the tendency to imitate the behaviors
of friends and the selection process, where individuals tend to affiliate with others sharing similar traits, significantly
contributing to shaping social behaviors that are frequently interconnecting. This article presents a Bayesian approach
that uses latent-space estimation methods to detect and examine contagion effects, considering the impact of social
selection. The research provides a methodological explanation, followed by a sequence of simulation trials designed to
explore operational functionalities and possible real-world applications. To illustrate the potential correlation between
changes in alcohol use and the influence of social networks, this study concludes by presenting an example of adolescent

drinking behavior.
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1. INTRODUCTION

Research on social networks has primarily focused on un-
derstanding how information, trends, behaviors, and other
elements are transmitted among members. This process is
commonly called contagion effects, peer effects, or social in-
fluence. It has been studied across various disciplines, in-
cluding economics [17], public health [21], biology [23], and
physics [41]. Notable researchers like [36], [11] have con-
ducted important studies on the structure and impact of
social network analysis on social behavior. Their findings
suggest that, besides the physical environment, the social
environment significantly influences social behaviors. While
many studies have examined relational information in net-
work datasets, a key challenge in identifying true contagions
is distinguishing social influence from homophily or social
selection, which refers to the tendency of individuals with
similar attributes or behaviors to form relationships with
one another. [22] provides evidence suggesting that differen-
tiating between these effects is theoretically infeasible within
a static setting. Furthermore, as highlighted by [33] and [44],
the failure to consider unobserved homophily leads to a sig-
nificant overestimation of the influence effects.

Several research efforts have been undertaken to iden-
tify contagion effects across diverse contexts. For instance,
[34] and [35] explicitly model observed homophily. [3] dif-
ferentiate between influence effects and observed homophily
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in the adoption of mobile service applications. [10] concen-
trates on identifying the influence of homophily in decision-
making processes. [7] utilizes indirect ties from third parties
as instrumental variables. [20] scrutinize the impacts of both
influence and homophily effects. Furthermore, some studies
employ latent models to explore contagion effects, such as
in the work conducted by [44].

Even though this field has seen much work done, more
needs to be addressed. This is partly due to the limitations
of different approaches. For instance, specific methods rely
on strong assumptions, limiting the scope of data that can be
analyzed. Other studies use homophily as an adjustable vari-
able, which can help estimate the social influence, but may
not effectively evaluate the presence of peer selection. The
accurate evaluation of homophily is crucial since it directly
affects the development of efficient targeting techniques. It is
also important to acknowledge that while each approach can
use additional data to mitigate bias, none of these methods
can eliminate all sources of bias.

As an alternative to current techniques for evaluating so-
cial influence, this study proposes a hierarchical Bayesian
model that simultaneously accounts for both homophily and
the effect of social influence. The model effectively addresses
the problem of latent homophily by using latent space posi-
tions from a latent space model analysis. Additionally, this
approach can be applied to various types of network data,
not limited to social network analysis. We put the model to
the test using data collected at three different time points
and with moderate network sizes, but it can be adapted to
fit a wide range of network characteristics. Because of the
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nonstandard form of the posterior distribution, the compu-
tation of posterior moments estimates is a very hard task.
Also, it is difficult to generate samples from these posterior
data using traditional Monte Carlo methods. A reliable al-
ternative is to develop an MCMC-type algorithm. Thus, we
use Stan software [8], which presents a viable solution by
efficiently managing the specified sampling schemes to con-
duct inference using the Hamiltonian Monte Carlo (HMC)
algorithm. With Stan, we only need to specify the Bayesian
model in Stan’s modeling language and the software returns
samples from the target density. To facilitate reproducibil-
ity, the Stan code is available on GitHub at https://github.
com/nbrisilda-git /Bayesian__est_peer_effect.

The remainder of the paper is organized as follows. Sec-
tion 2 discusses the background and challenges associated
with estimating contagion effects. The proposed estimation
model is introduced, highlighting its potential to accurately
identify contagion effects. Additionally, simulation studies
are conducted to evaluate the performance of the proposed
method. This section also demonstrates the superior per-
formance of the proposed Bayesian approach compared to
existing methods. Section 3 analyzes the longitudinal net-
work of adolescent drinking behavior. Various aspects of
model fitting are discussed and posterior predictive checks
for goodness of fit are conducted. Lastly, Section 4 provides
a summary and discusses future research directions.

2. A BAYESIAN LATENT TRAIT SOCIAL
NETWORK MODEL

2.1 Background

Studies have shown that people on social networks tend
to share similar characteristics and behaviors. This is mainly
due to two factors: the contagion effect, which involves in-
dividuals influencing their friends to adopt similar charac-
teristics and behaviors [12, 22], usually referred as influence
effect; and homophily [4], which refers to the tendency for
individuals with similar features or behaviors to form con-
nections with each other, which also be called selection ef-
fect. The challenge lies in distinguishing between these two
different processes due to their similar diffusion patterns. To
illustrate, examine the trend of alcohol consumption among
adolescents as represented in Figure 1. The diagram displays
a simple network consisting of four actors, denoted by nodes
i, j, k, and [. An individual attribute is assigned to each
node, represented by the node’s color, which can be either
blue or white. The attribute, in this case, signifies the alco-
hol behavior of the respective individual. The ties between
the actors are considered friendship. The upper network il-
lustrates the influence process that occurs between the time
points t — 1 and t. The networks in t — 1 consist of two
dyads (i and j, I and k) connecting two nodes of different
colors (blue and white). Taking this situation as a starting
point, the influence process occurs if the nodes within the
dyad modify their color to match that of the other one. For

t-1 t

Figure 1: The entanglement between influence and selection
(homophily). A network with four actors (nodes 4, j, k, and
l) is connected by ties, where node color (blue or white)
indicates an individual attribute with two states.

example, node j transitions from white to blue, while node
k might shift from blue to white. As a result, at time ¢, a
network is formed in which two dyads show similar behav-
iors, indicating that the unchanged color nodes did have an
influence on the other node within the dyad.

The lower network in Figure 1 represents the selection
process, which involves establishing connections between
nodes with identical characteristics and removing connec-
tions between nodes with dissimilar attributes. In this way,
individuals who exhibited similar alcohol behaviors at ¢ — 1
broke their existing friendships and established new social
ties with each other at time t. The same behavioral shift
was observed in nodes k and [.

It becomes evident that both selection and influence can
result in similar network structures when two dyads with
similar nodes are present. But the underlying processes
are entirely different. While the influence process operates
within the existing friendship structure and leads to adap-
tations in alcohol use behavior, the selection process, in con-
trast, alters the network structure by forming connections
between individuals with similar behaviors. Differentiating
between selection (homophily) and influence is crucial in so-
cial analysis. For instance, if the Substance Abuse Preven-
tion Program aims to enhance a treatment’s effectiveness
by considering a patient’s previous treatment, the approach
varies based on the driving factor. If social influence primar-
ily drives similarities, encouraging the patient to advocate
for the treatment among friends would be advantageous. Al-
ternatively, if homophily is the primary influencer, targeting
the patient’s friends with preventive measures would be ben-
eficial. Consequently, when estimating the peer effect in a
social network context, homophily is identified as a major
confounding factor that needs to be considered. However,
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it is challenging to distinguish between these mechanisms,
particularly when peer influence is confounded with latent
homophily caused by unobservable features.

Since [22], research on social influence has employed var-
ious techniques to account for homophily, exogenous vari-
ables, and factors beyond influence in general. Some of these
techniques include the co-evolution of selection and influ-
ence [34, 35], or by using indirect relationships from third
parties as instrumental variables [7]. Studies like [27] have
investigated the impact of peer influences on prescription
choices while controlling for the role of homophily by inte-
grating individual fixed effects. [4] conducted a study ex-
ploring homophily applying propensity score matching al-
gorithms based on observed characteristics.

In their research, [44] and [24] focused on the difficulties
of estimating the contagion effect, which arises due to the
entanglement of social influence effects and selection and
treated the issue as an omitted variable bias, and they used
latent community affiliation as a proxy for latent homophily.

Our application of latent space to control for homophily is
motivated by their previous work. In this study, we propose a
fully model-based approach utilizing a Bayesian framework,
which allows us to infer model parameters and enhance pre-
dictive accuracy. Specifically, in the context of a social net-
work with n nodes, the behavior of each node i € {1,...,n}
characterized by the random variable Y; € R, can be effec-
tively described using a linear structural equation model:

Yi = f(Zij,Y;, X, Cy), (2.1)
where Y; is a function of the behaviors of his/her network
partners Y}; the network relations Z;; between ¢ and j, where
person i’s observed characteristics is X;, and C; is a time-
invariant unobserved trait. For example, an adolescent i’s
alcohol use at time ¢ € {1,...,T}, Y, can be a function
of his/her previous alcohol use Y; ;_1, his/her close friends’
previous alcohol use Yj;_1, his/her own cigarette use X,
and a time-invariant unobserved tendency for risky behavior
C;.

Along with the influence Equation (2.1) the “true” selec-
tion model is represented as:

P(Zij =1) = g(Xi, X;,d(C;, Cy)), (2.2)
where the probability that person ¢ and person j have a
network relation is a function of the individual and dyadic
level observed variables X; and X, and a distance function
of the unobserved trait C' between i and j and ¢ is an inverse
link function.

Whenever latent traits co-determine influence and ho-
mophily processes, the linear model assumption may be vi-
olated due to endogeneity [44], particularly when an unob-
served variable correlates with the error term. This violation
will lead to biased and inconsistent estimates of contagion
effects. However, if the latent variable is adequately con-
trolled within the linear model structure, the influence can

be safely evaluated. Based on this problem, the model pro-
posed estimates the contagion effect while providing explicit
control over the latent homophily. This approach enables
us to quantify the impact of both social influence and ho-
mophily, simultaneously, resulting in a more comprehensive
understanding of how these factors affect the network dy-
namics.

2.2 Model Description

This section explains the main idea behind our analysis. A
fully Bayesian model for social influence assumes that there
is an unobserved trait that drives both the selection and in-
fluence process. We begin by introducing the notations that
will be used throughout this study. A normal distribution
with mean p and variance o2 is represented as N(u,o?).
The probability density function (pdf) and cumulative dis-
tribution function (edf) of this normal variate distribution
are denoted as ¢ (- | p,0?) and ®(- | p, 02), respectively. In
specific instances where y = 0 and 02 = 1, we simplify the
notation further to ¢(-) for the pdf and ®(-) for the cdf. Sim-
ilarly, we denote the univariate Student’s-t distribution with
mean u, scale o2 and degrees of freedom v as T(u,0?,v).
Ty (pu,02,v), denotes the half Student’s-t (half-t) distribu-
tion with positive support. Finally, Bernoulli(p) describes
the Bernoulli distribution with success probability p.

To understand how the model estimates social influence,
it is essential first to grasp the role of each mechanism and
parameter involved. Similarity within the latent space model
is utilized to develop a selection process that captures the
evolving structure of a social network with n nodes over
time, where connections are formed based on behavioral
similarity. The social connections within the network are
represented using an adjacency matrix (Z) with a size of
n x n. A value of 1 in Z;; indicates a connection between
individuals 7 and j, while a value of 0 signifies the absence
of a connection. If the connections are not directed, then
Z;j is the same as Zj;. Additionally, the model considers a
d-dimensional time-invariant latent vector, C;, which rep-
resents the position of a node i in a d-dimensional latent
space. This, along with a node’s observable behaviors (X;)
and network ties, determines the position of the ith node
within the network. Explicitly, the latent selection model
used to simulate the development of longitudinal networks
with dynamic covariate effects is defined as:

Ziji ~ Bernoulli(pij:), i, j=1,...,n, t=1,...,T,

Piji = Plag + a1|Cs — Cj| + | X1 — Xj4-1]),
Ci ~ N(0,7%),
o ~ N(0,07), 1=0,1,2,
(2.3)

where the probability of having a tie between actors ¢ and
j at time t is a function of the social network connection
Z;; at time t — 1 to the Euclidian distance (it could also be
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replaced by other distance functions [15] between i and j's
time-invariant latent positions |C; — C;| and observed co-
variate at time t — 1, (e.g.,|X;+—1 — Xj—1|). Essentially,
and j are more likely to have a network relation when they
are close to each other in terms of latent position and ob-
served covariates. The degree of network density is affected
by the parameter ag, whereas a; controls homophily based
on unobserved traits.

Concerning the estimation of social influence, given that
an unobserved trait co-determines influence and selection
(homophily based on the unobserved trait), the behavior of
interest for an individual 7 at time ¢, Y;;, is modeled as a
liner function of a prior behavior at time ¢ — 1, the network
behavior and to some estimated time-invariant latent vari-
able C;. Including latent positions as extra covariates in the
behavioral model will reduce bias in estimating the effects of
social influence [24]. The latent selection model’s estimated
positions are used as the proxies for the unobserved traits
C; that co-determine influence and selection. For a single
node i € {1,...,n}, the generative model for this process
becomes:

n
2j=1 Zigi—1 Vi1
n
> i1 Ziji—1

Yii=PBo+ B1Yii—1 + Bo + B3 X + C,

(2.4)

where Y ;_; refers to the previous behavior of ith individ-
ual, also referred to as the lagged variable, network expo-

Z?:l Ziji—1Yj -1
Y1 Ziga—1
weighted average behavior among the network neighbors of
1, which is the contagion effect of interest, and X; ;1 rep-
resents the set of all other attributes for node ¢ which affect

the behavior Yj ;.

This paper proposes a model to estimate the contagion
effect as a combination of a longitudinal latent selection
model (which imposes a relationship between the observed
network and latent space positions) and a dynamic linear
model, which establishes a relationship between the out-
comes at node level and the behavior of the node. The com-
plete Bayesian formulation with proper (but diffuse) prior
distributions for the influence model follows:

sure term = Contag,;; represents the

Ziji~Bernoulli(pij+), i,j=1,...,n,t=1,...,T,
pijt =P(a0 + 1|C; — O + aa| Xip 1 — Xj11),
Yit|Ci ~ N(Bo + B1Yit—1 + BeContagi s + B3 Xit + Ci, 0%),

Ci ~ N(0,72), (2.5)
/Bl NN(O,U%), l:07 172737
ar ~ N(0,02), k=0,1,2,

7~ T+(Oa 53—7 V‘r)7
U% ~ T+(07 8%, Vﬂ)7

02 ~ T(0, 82, va).

Hamiltonian Monte Carlo [28] approach was implemented
where the influence parameters and homophily are com-
puted simultaneously in order to fit this model. It is impor-
tant to note that the influence model includes the estimated
C; from the selection part to control for latent homophily.
The “rstan” package, which is an R interface to the Stan
C++ package, provides full Bayesian inference using the No-
U-Turn sampler [NUTS, 8], a variant of Hamiltonian Monte
Carlo (HMC) and allows users to fit Stan models from R and
access the output, including posterior inferences and other
quantities. Hence, we perform a Bayesian analysis using the
rstan package.

2.3 Simulation Studies to Further Explore the
Influence Model

The estimation performance is a complicated task driven
by an extensive variety of factors. The focus of our work is to
thoroughly examine the effectiveness of estimators in various
situations that include several significant factors, such as the
following.

1. The sample size denotes the total number of nodes
within a network. It is also referred to as the network
size.

2. The magnitude of bias in estimation can vary based on
the magnitude of the network exposure.

3. The total number of time points is essential in longitu-
dinal data, where increased time points correlate with
a higher volume of information, thus enhancing the ac-
curacy in estimating parameters.

4. The level of homophily determines the extent to which
the relationship between the unobserved characteristic
and network exposure is correlated. This, in turn, af-
fects the correlation between the lag-dependent variable
and network exposure. A greater degree of homophily
implies a stronger correlation, and studying such corre-
lations can help understand their impact on the mag-
nitude of bias.

We will use 95% probability credible intervals (CI) with
equal tails to measure the extent of parameter coverage to
evaluate the performance of the estimators. The posterior
means will then be thoroughly examined to identify poten-
tial biases, and a report will be produced summarizing the
results. The principal goal of this study is to identify the spe-
cific conditions under which this model is the most advan-
tageous, allowing for a more sophisticated and customized
strategy for its subsequent uses.

The data generation process for the research methodology
was established using Equations (2.3) and (2.4). It started
by constructing a social network of size n, where each indi-
vidual ¢ has dynamic observed behaviors X, alongside time-
independent unobserved characteristics C; € RY, where d
was restricted to 1. It was assumed that the elements within
X; or C; followed an independent and identically distributed
(i.i.d.) pattern.
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The formation of edges within the network followed the
principle of homophily, wherein individuals sharing similar
characteristics or behaviors had a higher likelihood of forg-
ing connections than those with dissimilar attributes. We
first simulate latent space positions C for n nodes from a
normal distribution N (0, 22), allowing for some flexibility in
the distance values. Once the latent space positions are gen-
erated, Equation (2.3) is used to quantify the probability
that two nodes form an edge based on their similarity. This
similarity was determined by the observed prior friendship
status Z;;¢—1 and the Euclidean differences between indi-
vidual 7 and j in unobserved feature spaces.

Both peer influence and homophily influenced the evolu-
tion of the outcome variable. Consequently, the development
of the dependent variable was approached as an iterative
process. Initially, the dependent variable Y; ; was initialized
for each node (consider the starting point ¢ = 1), ensuring
independent and identically distributed values. The evolu-
tion of the social network was affected by both individual
influence and homophily. Given the common observation
of time-dependent correlation in an individual’s behavior
within social networks, we conducted simulations that inte-
grated a lagged dependent variable (prior behavior). Equa-
tion (2.4) was used to calculate the outcome variable at
time ¢, considering the variables at time ¢ — 1. To maintain
simplicity, we excluded additional observed variables from
the model. The simulations were generally conducted with
a time of T = 3 in most scenarios, partly excluding Subsec-
tion 2.3.4.

The selection of hyperparameters ensures the propriety
of all posteriors while maintaining a relatively weakly in-
formative nature. A vague half-t (7.) distribution is used
when determining the prior scale as recommended by [13].
The estimation model consists of:

Zij 4 ~ Bernoulli(p;j ),

pijt = ®(a0 + a1 Ziji—1 + a2|C; — Cj)),

2?21 Ziji—1Yj -1
Z?:1 Zij,t—l

Yi,t +Cl 02)7

Ci ~ N(1Yi -1+ B2

C; ~ N(0,72),
Bi ~ N(0,10%),
a; ~ N(0,10%),
7% ~ T4 (0,5,4),
0% ~T.(0,5,4),
(2.6)

where the hyperparameters for 3;, ax, 72 and o2 are set at
ag =02 =102, Vi, k; 82 = s% =s2=5and v, = 15 =
v, = 4. The starting density of the network is set at 0.3.
Within each of the specified simulation research conditions,
100 iterations were conducted to generate replicated data
sets. Subsequently, the model was applied to each data set,

employing three HMC chains with 40,000 samples per chain.

The initial 1,000 draws were excluded, and the subsequent
draws were thin by a factor of 70.

2.3.1 Parameter Recovery and the Degree of Bias when an
Unobserved Trait Fails to Be Considered

This study aims to provide intuitive insights using simu-
lation examples to address the potential biases, particularly
when a latent trait influences both selection and influence.
The initial focus is to specifically examine the importance
of considering latent variables in the influence model. This
involves addressing potential biases in estimating contagion
effects when disregarding the unobserved trait that simulta-
neously drives both selection and influence.

In this scenario, the contagion effect was estimated using
two different approaches with the proposed model. First,
was considered the latent trait C' in the influence model,
as shown in Equation (2.6). Secondly, the unobserved trait
was disregarded. The data generation process remains con-
sistent with the explanation provided in Section 2.3. Specif-
ically, the simulation configuration involves a study using
n = 40 nodes and a sequence of T" = 3 time points. The
parameters for the selection model have been set as follows:
ag = —0.1, ay = —0.45, and ay = —0.5. Additionally, in the
influence model, the values for 5; and (2 are maintained at
0.3 and 0.6, respectively.The findings were obtained by com-
paring the contagion effect parameter estimates between a
correctly specified model and a misspecified model. Results
are presented in Figure 2, which provides a graphical rep-
resentation of posterior means and 95% confidence intervals
for the By parameter. As anticipated, the recovery of param-
eters diminishes when the latent feature is not adequately
incorporated into the model. The preceding results indicate
that an unaccounted, unobserved feature, which either influ-
ences selection and influence or solely affects influence, leads
to biased estimations in the influence model for the conta-
gion effects. Consequently, this could potentially yield in-
correct inferences. Although there exist other elements that
may impact estimator performance, our attention is directed
toward the accuracy of the social influence model in the sub-
sequent scenarios.

2.3.2 Varying Network Size

The initial aspect under evaluation is the dimension of
the network. To explore this was performed a simulation in-
corporating network and influence data sourced from Equa-
tion (2.6), following the same data generation process as
previously described. The network’s dimensions were sys-
tematically altered, spanning from 40 to 80 and up to 160.
All other parameters were maintained at their initial values
for a true value of peer effect 0.6. Figure 3 illustrates the
posterior mean and the 95% equal-tailed credible interval
for By across 100 replications.

This graphical representation illustrates the reciprocal
correlation between network size and posterior variance,
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Figure 2: Posterior means and 95% credible intervals for 82 in two scenarios: considering the latent trait in the influence
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Figure 3: The impact of network size on the estimation of contagion effect was examined. Data from multiple networks of

different sizes were generated and used to calculate posterior means and 95% credible intervals.
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where an expansion in network size decreases posterior vari-
ance. As the network size expands, there is minimal vari-
ation in the capacity to estimate the posterior mean accu-
rately. The bias of the posterior mean is approximately zero
across all network sizes, indicating minimal bias and low
impact of network size on accurately estimating the true
amount of contagion effect. Specifically, the average bias
for the B3 was found to be 0.06,—0.03, and 0.02 for net-
works consisting of 40, 80, and 160 units, respectively The
accuracy of parameter recovery, signifying the proportion of
replications encompassing the true value of S, within the
95% equal-tailed credible interval, diminished as the net-
work size enlarged, dropping to 90% for n = 160 from over
95% for n = 40 and 80. This decline was anticipated, as the

increasing network size makes precise estimation of the pos-
terior mean more challenging due to the growing number of
parameters to be estimated. Furthermore, the observations
revealed that an increased network size diminishes the bias
in estimating the (1; specifically, the mean bias for the lag
effect was determined as —0.02,0.04, and 0.002 for network
sizes of 40, 80, and 160, respectively.

2.3.3 Varying Number of Time Points

This simulation section explores the impact of time points
within longitudinal data analysis. Data were generated at
two distinct values of T, namely T = 3 and T = 6,
specifically intended to facilitate the identification of vari-
ations across different conditions. This disparity was ob-
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Table 1. Contagion Effect Simulation Results. C' P indicates
the probability of coverage.

B2 - Contagion Effect

Bias CcP

n=40,T=3 B2=0.2 0.039 0.90
B2 = 0.6 0.06 0.90

B2 =0.9 0.03 0.90

n=40,T=6 B2=0.2 0.006 0.90
B2 =0.6 0.005 0.97

B2=0.9 0.004 0.94

n=160,T=3 [B2=0.2 -0.012 0.92
B2=0.6 0.027 0.87

B2=0.9 0.025 0.86

n=160,T=6 (2=0.2 0.003 0.94
B2=0.6 0.018 0.92

B2 =0.9 0.001 0.95

served across multiple scenarios encompassing diverse net-
work sample sizes (n) and various settings of the contagion
effect parameter fs, as illustrated in Table 1.

The relationship between the capacity to estimate the
influence effect and the time points reveals an anticipated
positive association, where an increase in the time points
consistently correlates with an enhanced ability to forecast
the influence impact. This correlation persists consistently
despite fluctuations in parameter magnitudes and network
sizes. A higher number of time points in a longitudinal anal-
ysis provides more information for prediction, resulting in
reduced bias and an elevated parameter recovery rate.

2.3.4 Varying the Social Influence's Effect

Finally, our exploration focuses on examining the impact
of the range or margin of values associated with (2 on the
parameter recovery process and the characteristics exhibited
within the posterior distribution of 8. Furthermore, the aim
is to extend this analysis to understand better the nuanced
implications and dependencies arising from the varying mar-
gins or ranges of By values on both the parameter recovery
process and the resulting posterior distribution of (5.

To conduct this study, 100 iterations were executed, each
generating data for varying [ values (specifically, B =
(0.2,0.6,0.9)) in conjunction with different 5, values (specif-
ically, 81 = (0.7,0.3,0.1)) The remaining parameters were
held constant, following the specifications outlined in Sec-
tion 2.3. This process was replicated in four unique scenar-
ios, each characterized by differing network sizes, specifically
a relatively small network of n = 40 and a relatively larger
network of n = 160. Furthermore, the analysis considered
two distinct time-point configurations denoted as T = 3
and 7" = 6. Table 1 presents the recovered parameter val-
ues, the proportion of occurrences indicating a positive in-
fluential effect, and the average bias of the posterior mean

across replications. The bias of the posterior mean tends to
zero across all conditions, this indicates minimal bias and
a limited impact on the value of B3 on the bias. Notably,
the parameter recovery rates exceed 90%. However, as the
size of the network expands to 160, this rate experiences
a reduction. In contrast, this rate increases for all condi-
tions with an increase in the number of time points (7).
As anticipated, there is a parallel increase in the proportion
of instances inferring a positive network influence with the
increase of the [y value. Table 1 shows the probability of
coverage (CP), the mean bias (between replications) of the
posterior mean, and the percentage of scenarios in which it
would be concluded that there was a positive social impact
effect.

2.3.5 Varying Homophily Level

In cases where homophily functions through the unob-
served trait, increased homophily levels signify a stronger
correlation between network exposure and the unobserved
trait and an elevated correlation between network exposure
and the lagged dependent variable. In this section, our focus
is on examining the impact of homophily on bias magnitude
and beyond. Specifically, the following simulation configu-
rations were considered: (1) The number of nodes is fixed
at 80, and the number of time points at 3. (2) Homophily
levels are varied under three conditions: (¢) low homophily
(g = —0.3,a7 = —0.65,5 = —0.1), (i4) moderate ho-
mophily (ap = —0.1,; = —0.45,a5 = —0.5), (¢i¢) high
homophily (ag = —0.1,a7 = —0.55,as = —0.8). Note that
ag controls the level of homophily based on the unobserved
attribute, while «; reflects homophily based on previous
friendships observed and «q affects the density of the over-
all network. The summation of the a’s remains constant.
(3) Fixed values for 81 = 0.3 and 2 = 0.6. Further model
configurations were maintained as detailed in Section 2.3.
The Mean biases for the network exposure term are shown
in Table 2. Various considerations arise regarding the in-
fluence effect variable term. First, the study shows that an
increase in the homophily controlled by latent traits leads
to a higher magnitude of bias. This is not surprising, as la-
tent homophily affects the selection process and influences
the determination of the contagion effect. As a result, more
information is missing, which requires estimation and leads
to more significant errors in estimating the contagion ef-
fect. Secondly, an increase in homophily leads to a decrease

Table 2. Homophily level. Higher homophily in simulated
data indicates a stronger correlation between network
exposure and the unobserved trait and between network
exposure and the lagged dependent variable.

n=280,T=3

Low Mid High
Mean bias (32) 0.026 -0.030 0.036
CP (B2) 0.99 0.95 0.93
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Figure 4: Simulation study. (a) Latent variable recovered from the Bayesian model, and (b) two-step frequentist estimation

of latent trait.

in coverage probability. In other words, the model’s ability
to recover network influence effects decreases when an un-
specified parameter governs the process. However, even in
situations with high levels of unobserved factors, the model
performs well, with a bias close to zero. Finally, we found
that the model accurately estimates the lagged term, rep-
resented by (1, with mean biases of -0.003, 0.04, and -0.03
for scenarios of low, moderate, and high levels of homophily,
respectively.

2.3.6 A Comparison of Two-Step Frequentist vs. Bayesian of
Contagion Estimation

In a final simulation study, the proposed Bayesian model
was compared with a frequentist framework in the context of
estimating social effects. As previously mentioned, earlier re-
search utilizing latent space models to control for homophily
employed a frequentist two-step estimation approach [44],
which may have implications for the accuracy of standard
errors. This investigation encompasses two main aspects.
First, the data were generated using the influence model, as
described in Section 2.2, taking into account the influence
parameters 51 = 0.5 and 2 = 0.8, as well as the selection
model, which is only considering the intercept ag = —0.2
and the latent trait a; = —0.25. Subsequently, the data
is fitted using the model proposed model 2.6 and the two-
step approach using the frequentist version of the influence
model. Specifically, start using the “ergmm” function [8, 19]
to estimate the latent space models. Once the latent space
models have been estimated, the latent positions will be
extracted and used as additional variables to estimate the
behavioral /influence model. To align with Bayesian mod-
els, time-invariant latent positions are estimated at a single
time point. The latent variable recovery from both models is
seen in Figure 4. The linear relationship between estimated
C; and true C; values from the Bayesian model suggests a
successful recovery of the latent trait. This relationship was

not observed when using a two-step frequentist approach,
indicating that the Bayesian influence model proposed may
be more reliable for estimating latent variables. Moreover,
an analysis was performed to assess the bias in the calcula-
tion of the contagion effect and the coverage probability. The
results of our study indicate that the average bias and CP
of the peer estimate were determined to be -0.007 and 94%
for the Bayes approach and -0.05 and 85% for the frequen-
tist approach, respectively. The disparity noticed pertains
to the larger size of the mean bias when the parameter was
derived using a two-step frequentist model.

Table 3. Bayesian vs two-step Frequentist estimation in a
simulation study. CP is the Coverage Probability.

n=2380,T =3
Bayes setup Frequentist setup
B2 B2
Mean bias -0.007 -0.05
CP 0.94 0.85

3. AN APPLICATION TO
ALCOHOL-FRIENDSHIP NETWORK

Having established an approach that reduces bias in so-
cial influence studies, the next important question to ex-
plore is whether peers influence alcohol use within a social
network.

The influence model integrates latent space to determine
the impact of peer behavior on alcohol consumption patterns
among teenagers. One significant finding is the prevalence
of alcohol-based selection among adolescents who consume
alcohol. This phenomenon suggests that they tend to form
friendships with peers who exhibit similar alcohol-related
behaviors.
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Figure 5: Alcohol-friendship network data. Temporal depiction of alcohol-related clusters within the adolescent social
network from 1995 to 1997. Nodes signify individuals, while the connections represent relationships. Node color reflects
alcohol use, with darker blue shades signifying higher alcohol consumption and lighter green shades indicating lower
consumption (various shades of green represent intermediate levels).

3.1 Dataset

The analysis utilizes longitudinal data gathered from
friendship groups within the ‘Teenage Friends and Lifestyle
Study’. The study involved a cohort of 160 female adoles-
cents, averaging 13 years of age, investigating several dimen-
sions of their lifestyle, family dynamics, smoking habits, par-
ticipation in sports, alcohol consumption, and engagement
in drug-related behaviors. Out of the initial 160 participants,
we excluded individuals who did not complete the question-
naire. Consequently, the final sample size for the study was
reduced to 123 participants. The data collection spanned a
three-year period, specifically from 1995 to 1997. Question-
naires were distributed within the educational environment
to all individuals who were involved in the study and fell
within the age range of 12 to 13 years. Subsequent assess-

ments were carried out at yearly intervals during the periods
when the students were aged 13-14 and 14-15 years.

The measurement involved consists of Friendship ties,
to construct friendship-seeking, participants were asked to
identify up to twelve individuals they considered their best
friends. They were then instructed to indicate whether a
friendship existed between the ith and jth teenager by as-
signing a value of 1 or if no friendship existed by assigning a
value of 0. Figure 5 illustrates the alterations in the friend-
ship network and alcohol behavior of the girls over three
years. A node represents each individual. The presence of
lines connecting nodes serves to denote a relationship be-
tween them. The color of nodes represents the level of al-
cohol consumption, where darker shades of blue indicate a
higher frequency of alcohol use and lighter shades of green
indicate lower consumption. Intermediate shades of green
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Table 4. Alcohol-friendship network data. Posterior means(Post.means) of the coefficients within the influence, along with the
corresponding posterior standard deviation(Post. SD), 95% credible intervals, R and Neff for various influence covariates.

Parameter Post.mean Post. SD 2.5% 97.5% R Neff

Bo — intercept 0.87 0.21 0.47 1.28 1 1214

1 — prior behaviour 0.52 0.06 0.41 0.63 1 2068
B2 — contagion ef fect 0.13 0.06 0.01 0.25 1 1607
B3 — canabis use 0.29 0.07 0.16 0.42 1 1913
Ba — smoking 0.13 0.08 -0.03 0.28 1 1851

Bs — sport -0.16 0.05 -0.26 -0.07 1 1571

are used to represent levels of consumption between these
extremes. The observation can be made that there is a con-
siderable proportion of adolescents engaging in alcohol con-
sumption on a weekly basis, while all students partake in
alcohol consumption at least once annually.

Adolescent alcohol behavior was evaluated through a sin-
gular inquiry that requested adolescents to self-report their
alcohol consumption(1 - non-alcohol user, 2- drink alcohol
twice a year, 3- once a month, 4- once a week, 5- drink al-
cohol more than once a week).

Several variables recognized to have associations with
adolescent alcohol consumption were included as covariates:

sporting behavior (1- nonregular sports activity, 2 regular
sport activity), tobacco use (1 -no smoker, 2- occasional, 3-
regular), cannabis consumption (1 - nonuser, 2 -tried once,
3 -occasional, 4 -regular).

The covariate that reflects the average behaviors among
the neighbors within the network was established following
experts.

3.2 Model Specification

We utilized a one-dimensional latent space to fit the
Bayes model on longitudinal data concerning friendship-
seeking networks. To address the directed nature of relation-
ships within these networks, we integrated time-invariant la-
tent traits that jointly determine friendship selection and the
variable of interest, namely alcohol behavior. Additionally, a
covariate influencing these dynamics was incorporated. The
resulting model can be expressed as follows:

Zij i ~ Bernoulli(p;j:) i,j=1,...,123, t =1,2,3,
pijt = ®(ao + 1|C; — Cj| + aa| Xy 1 — X 1-1]),
Yit|Ci ~ N(Bo + B1Yiu—1 + B2Contag s + B3 Xiy + Ci, 0°),
C; ~ N(0,7%)

(3.1)

and the priors for 8, k =0,1,2,3, a;, 1 =0, 1,2, 3, as well as
for 72 and o2, are specified as in Equation (2.6), where Y; ;
signifies the alcohol behavior of the ith teenager at time t,

where i ranges from 1 to 123 and ¢ spans from 1995 to 1997.
Do Zije—1Yji—1
i1 Zije—1

The parameter Contag;: denotes the

average lagged behavior in alcohol among ¢th adolescents.
The vector X;: represents the observed characteristics of
adolescents, which might exert an influence on behavioral
outcomes, particularly pertaining to smoking, drug use, and
participation in sporting activities. Additionally, C; repre-
sents the latent variable utilized to manage latent homophily
effects. The observed ties proportion ranges from 0.07 to
0.15, suggesting relatively sparse networks, warranting con-
sideration of the approximate probit model as a viable op-
tion for selection. While relatively flat priors are set for the
coefficients (8 and «y,), more constrained priors are applied
for the intercept of the influence £y, T. The dynamic influ-
ence model is presented accordingly. The models were fitted
using three Hamilton Monte Carlo (HMC) chains, each com-
prising 60,000 iterations. A burn-in period of 1000 iterations
was implemented, and the samples were thinned by a factor
of 90, resulting in a total of 594 posterior samples. Provided
below are summaries of the posterior distribution. It’s cru-
cial to note that the introduction of covariance introduces
noise, whereas the color remains constant over time.

3.3 Results

The Hamiltonian Monte Carlo (HMC) method has suc-
cessfully achieved convergence, as shown by a potential scale
reduction factor (R) of 1 in Table 4. Additionally, the effec-
tive number of samples (Neff) is over 100, further indicating
a well-converged HMC process. The autocorrelation analy-
sis in the left panel of Figure 6 shows that the autocorrela-
tion values approach zero after a lag of around four for the
samples obtained from Stan. This observation suggests that
the sampler effectively explored the posterior distribution.
The posterior samples obtained by the HMC at each itera-
tion show a clear central tendency, accompanied by evenly
dispersed deviations. This pattern indicates minimum inter-
sample correlation and an effective exploration of the pos-
terior distribution by the sampling algorithm. Additionally,
it is important that the chains do not exhibit any vertical
displacement, but rather maintain a consistent value.

After confirming the convergence of the sampling pro-
cess towards the posterior, our focus shifts to analyzing the
parameter estimates to ascertain the model’s fit with the
observed data. In Table 4, the posterior means of the coef-
ficients are displayed, accompanied by their respective 95%
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Figure 6: Alcohol-friendship network data. Posterior samples of the contagion parameter within the HMC chain and its

corresponding ACF plot.

equal-tailed credible intervals. These coefficients represent
the change in behavior observed for a one-unit change in the
covariate value at that specific time (¢) within the model.
In the realm of adolescent friendships, there is empirical ev-
idence suggesting the impact of the effect of the network on
alcohol behavior during this phase. The statistical analysis
reveals a significant contagion effect, which is also evident
from Table 4. In addition, a positive association is observed
between current alcohol behavior and previous alcohol con-
sumption. Past experiences with alcohol might influence an
individual’s future behaviors, extending to their choices re-
garding various aspects. Moreover, existing models suggest
a significant correlation between cannabis consumption and
alcohol use. Additionally, healthy habits such as participat-
ing in sports can prevent teenagers from using alcohol.

The selection model posits that the establishment of so-
cial connections is significantly influenced by prior friend-
ships. It follows that individuals are more likely to form con-
nections with people they have previously interacted with,
as there is an established level of familiarity and trust. How-
ever, the selection model also highlights the importance of
unobserved variables in driving friendship selection. These
variables may include factors such as shared interests, val-
ues, and personality traits, economic status as well as other
factors that are not considered in the study.

4. CONCLUSIONS

The presented model provides a framework for the quan-
titative analysis and prediction of how socially contagious
phenomena influence social behaviors. By employing longi-
tudinal measurements of behavior outcomes and social net-
work data, the proposed model enables the examination of
the dynamics of a social behavior trend, specifically in rela-
tion to the behavior of friends as well as other relevant char-
acteristics. Relationships and interactions between a group

of people are represented by social network data. Includ-
ing network data in models of individual outcomes enables
researchers to consider the impact of social influence, as
changes in behavior are seldom independent events. By mod-
eling social influence, researchers can determine the degree
to which social networks influence particular outcomes, in
addition to understanding which outcomes are potentially
influenced. The current approach aims to effectively inte-
grate selection processes with impact processes by utilizing
a latent variable notion to assess the degree of influence
between nodes. This approach is based on the assumption
that both the selection of peers and the influence of those
social relationships are equally significant factors in shaping
particular behaviors.

In order to get a deeper comprehension of the operational
attributes of our proposed model, a number of simulation
experiments were undertaken to investigate the viability and
effectiveness of our model. The parameter coverage was seen
to be at or close to 100% in models that were appropriately
stated. The capacity to identify network influence was shown
to be increased when there was an increase in either the size
of the network or the number of time points, as well as
when the genuine effect exhibited an increase. Our analysis
revealed that the failure to account for latent variables in
our model resulted in model misspecification. Furthermore,
our models that account for the simultaneous estimation of
latent traits and peer effects appear to be more accurate in
reducing the implications for standard errors that may arise
when using two-step frequentist estimation.

In summary, we conducted an empirical investigation
wherein we employed the aforementioned methodology to
assess the influence of social factors on the formation of
alcohol-related behaviors in adolescents. There is evidence
that the 13-year-old teenager was significantly affected by
the use of alcohol in friendship drinking behavior. As pointed
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out by an anonymous referee, the proposed model bears
resemblance to the well-known linear-in-means framework
commonly used in causal inference. While there is indeed a
structural similarity in terms of peer influence, our focus dif-
fers substantially. In contrast to works such as [22], [24] and
[40], which emphasize the identification of causal effects, our
approach is primarily concerned with estimating contagion
dynamics without aiming to establish causal claims.

Future research objectives are oriented towards a more
in-depth exploration of the mechanisms governing influence
processes and the investigation of behaviors within social
selection. In the context of the selection model, symmetric
link functions exhibit notable inadequacy, particularly in the
presence of imbalanced data. This asymmetry has the poten-
tial to introduce substantial bias into the estimation of the
mean response. We contend that the integration of skewed
link functions, in conjunction with an examination of net-
work density and latent space dimensions, will exert a sig-
nificant impact on the estimation of social influence effects.
Finally, we acknowledge that further theoretical investiga-
tion of the proposed approach is important and constitutes
a promising direction for future research, although it lies
beyond the scope of the present study.
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