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Abstract
Disease registries often involve cohorts of patients seen repeatedly at tertiary care centers with biospecimens collected

at periodic clinic visits. With such registries it is possible to study the association between time-dependent biomarkers
and a failure time of interest through Cox regression. However it can be prohibitively expensive or labor-intensive to assay
all biospecimens for all members of the registry and in practice it is common to select a single biosample to assay for each
individual. We derive the asymptotic bias of estimators obtained from the Cox model based on common strategies. We
investigate the nature of this bias from a joint multistate model for the marker and failure processes. Alternative selection
methods are then developed for consistent and efficient sub-sampling under budgetary constraints. The asymptotic relative
efficiency of regression coefficients obtained from the Fisher information is then explored and an optimal design is identified
within a class of designs. The proposed selection method is illustrated in a registry of patients with psoriatic arthritis
where we investigate the association between a time-dependent biomarker (ESR_CRP) and the risk of developing arthritis
mutilans.
keywords and phrases: Misspecified Cox models, Time-dependent covariates, Intermittent observation, Multistate
models, Cost-effective sampling, Survival analysis.

1. INTRODUCTION
In studies of chronic diseases, interest often lies in study-

ing the association between time-dependent biomarkers and
an event such as disease progression or death. We consider
the setting of a disease registry in which recruited patients
provide biospecimens (e.g. urine or serum samples) at peri-
odic clinic visits to measure established markers of disease
activity – residual material from each biospecimen is then
stored in a biobank. Disease registries are often maintained
by research groups, and novel biomarkers are routinely pro-
posed for study. In such settings, stored biospecimens can be
assayed to provide values of a novel biomarker at the times
the samples were taken. The Cox regression models [8] are
then used for modeling the association between the marker
values and the failure time of interest.

While disease registries like this offer an unprecedented
opportunity to study chronic disease processes, it is often too
labour intensive or costly to assay all available biospecimens
when a new biomarker is of interest. It is common, instead,
to select a single biospecimen to assay per individual. Ad
hoc strategies include:

a) assaying the biospecimen collected most recently before
failure or censoring;

b) assaying the biospecimen collected most recently before
failure or censoring and using this sampling time as a
left-truncation time;
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c) assaying the first biospecimen collected,
d) assaying the first biospecimen collected and treating

this sampling time as a left-truncation time.

The (misguided) rationale for a) is that this marker value is
likely the closest to the “true” biomarker value at the fail-
ure time of the respective individuals. This rationale does
not address the fact that the censored individuals have their
marker measured at a random time unrelated to their (cen-
sored) failure time. Strategy b) is put forward to avoid car-
rying “backward” measurements made later in the course
of follow-up to the time of recruitment to the registry. The
rationale for c) is that it may be viewed as approximating a
“baseline” marker value – it offers a consistent strategy for
those failing and those who are censored, but involves car-
rying this marker value backward to the time of recruitment
and forward to the time of failure or censoring. Strategy d)
simply eliminates the carrying backward of the first marker
assessment to the time of clinic entry. All strategies yield bi-
ased estimators, but the precise nature of these biases have
not been systematically investigated to date. Using large
sample theory of Cox regression coefficients from these se-
lection and carry-forward approaches (without or with left-
truncation) [17, 12] we describe a framework to study the
limiting biases of regression coefficients. We focus on a par-
ticular data generation procedure for our detailed investiga-
tion but lay out the general theory for this investigation so
that other models can be investigated.
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A valid analytical approach is to jointly model for the
marker and failure processes. We formulate such a joint
model for the case of a dynamic binary marker and a fixed
baseline covariate acting on a failure time through a Cox
regression model. We then propose and investigate simple
cost-preserving selection strategies for efficient choice of in-
dividuals and biospecimens to assay for consistent param-
eter estimation through this joint model. We compare dif-
ferent strategies in terms of the efficiency of the resulting
estimators of the regression coefficients in the Cox model.

The remainder of this paper is organized as follows. In
Section 2 we define notation and formulate a three-state
multistate model for joint modeling of the marker and
the failure processes. The joint marker-failure multistate
model is then extended to incorporate random censoring and
marker-dependent visit processes. In Section 3 we present
the Cox model and review the large sample theory asso-
ciated with misspecified Cox models. We also consider the
four aforementioned ad hoc cost-effective strategies and cal-
culate limiting values of the corresponding estimators from
the fitted Cox models. Determinants of the asymptotic bi-
ases of estimators based on these strategies are investigated
through simulation studies. In Section 4, we describe an al-
ternative simple cost-effective selection strategy where the
final dataset for inference consists of a subsample of indi-
viduals for whom biospecimens collected at every visit are
assayed, and a subsample of individuals for whom only the
first collected biospecimen is assayed. A joint model is fitted
to these selected individuals and the effect of the fraction of
the number of serial assays of biospecimens (to the total
number of biospecimen assays) on the efficiency of estimat-
ing the covariate effects is explored via numerical studies.
In Section 5 we illustrate the proposed selection strategy
through analysis of data from the University of Toronto
Psoriatic Arthritis Cohort Study where we consider the in-
flammatory biomarker c-reactive protein and investigate its
association with the development of arthritis mutilans. Con-
cluding remarks are provided in Section 6.

2. A FRAMEWORK FOR JOINT MODELING
2.1 The Marker-Failure Process

Consider a time-dependent binary marker process and
suppose the primary aim is to study the association between
the marker and a failure time of interest. Binary markers are
common and may represent an indicator that a particular
symptom or condition is present, but they also arise when
clinicians dichotomize continuous markers to define two lev-
els representing normal or elevated marker values. More cat-
egories can of course be considered, as can settings with mul-
tiple discrete markers, but we retain this simple model for
convenience when describing this framework. Failure may
be defined to represent any adverse clinical event or death -
we use the term failure for generality but it is best viewed
as any terminal event of interest. To define and model the

Figure 1: A joint marker-failure process for a binary marker
(0 =normal, 1 =elevated) and a single absorbing state (2)
entered upon failure.

association we consider a 3-state process for the marker and
the failure time depicted in Figure 1 where states 0 and 1
represent possible marker values held by individuals who are
alive, and state 2 is an absorbing state entered upon failure
at time T . We let Z(s) denote the state occupied at time s,
s ≥ 0, and {Z(s), 0 ≤ s} denote this joint 3-state marker-
failure process. Let H(t) = {Z(s), 0 ≤ s < t,X2} denote the
history of the joint marker-failure process up to any time t−

along with a p× 1 vector of fixed covariates X2.
The intensity λk(s | H(s)) governing 1−k → k transitions

between the marker states is defined as

lim
Δs↓0

P (Z(s+Δs−) = k | Z(s−) = 1− k,H(s))

Δs
(2.1a)

for k = 0, 1. Likewise, the intensity for failure from state k,
λk2(s | H(s)), is

lim
Δs↓0

P (Z(s+Δs−) = 2 | Z(s−) = k,H(s))

Δs
(2.1b)

for k = 0, 1. Cox regression models are often formed by
constraining λ12(s | H(s)) and λ02(s | H(s)) to be pro-
portional. If we let X1(s) = 1(Z(s−) = 1) represent the
internal covariate indicating an elevated marker and X2 the
fixed covariates, then X(s) = (X1(s), X

′
2)

′ is the full set of
covariates. We may then specify the failure intensity as

λ2(s | H(s)) = λ02(s) exp(X
′(s)β) (2.2)

where X ′(s)β = X1(s)β1 +X ′
2β2, with β2 = (β21, . . . , β2p)

′.
Here exp(β1) is the relative risk of failure associated with an
elevated marker while controlling for the baseline covariates
X2; likewise exp(β2j) is the relative risk associated with a
one unit increase in X2j while all other covariates are fixed,
j = 1, . . . , p.

2.2 The Observation and Coarsening Processes
Let τ denote an administrative censoring time, W a ran-

dom censoring (withdrawal) time, and C = min(τ,W ); we
assume an individual is followed continuously for failure
over (0, V ] where V = min(T,C). Let Y (s) = 1(s ≤ C)
indicate that an individual is uncensored at time s and
Y †(s) = 1(s ≤ T ). Then Ȳ (s) = Y (s)Y †(s) indicates that
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Figure 2: An expanded joint process 𝒵(s) = (A(s), Z(s)) incorporating the visit process and the marker-failure-censoring
process.

an individual is under follow-up and at risk of failure at time
s > 0.

The marker process is not under continuous observation
but marker values can be determined by laboratory tests.
We consider the case where biospecimens are taken at clinic
visits and a marker value is ascertained if a biospecimen is
assayed. In what follows we initially assume that all biospec-
imens are assayed at all visits but in Sections 3 and 4 we
consider the case where biospecimens are available but only
some are selected to be assayed. Let Aj denote the random
time of the jth clinic visit and biospecimen collection and
aj denote its realized value, j = 1, . . .. We define the visit
counting process by letting dA(s) =

∑︁∞
j=1 1(s = Aj), with

the cumulative visit count A(s) =
∫︁ s

0
Ȳ (u)dA(u); {A(s), 0 ≤

s} denotes the counting process for visits. We denote the full
history of the joint marker-failure process and the censoring
and visit processes at t− as ℋ(t) = {Ȳ (s), dA(s), Z(s), 0 ≤
s < t,X2}, which includes the baseline covariates. We re-
fer to this as the “full history” since it includes information
which will not be available, such as the number and times
of transitions for the marker process. We define it to help
define and carefully discuss independence conditions.

To fully characterize the observation process, we model
the random censoring time. We let dC(s) = 1(W = s),
C(s) =

∫︁ s

0
Ȳ (u)dC(u) and {C(s), 0 ≤ s} denote the count-

ing process for the random censoring. Let ΔC(s) = C(s +
Δs−)−C(s−), the intensity for the random censoring time
is then

lim
Δs↓0

P (ΔC(s) = 1 | ℋ(s))

Δs
= Ȳ (s)λ3(s | ℋ(s)) . (2.3)

The intensity for the visit process governing the biospecimen
collection is most generally defined as

lim
Δs↓0

P (ΔA(s) = 1 | ℋ(s))

Δs
= Ȳ (s)λ4(s | ℋ(s)) (2.4)

where ΔA(s) = A(s+Δs−)−A(s−).
We now define counting process notation and intensities

for the marker and failure processes under this observation

scheme. For the marker process let dNk(s) = 1(Z(s−) =
1− k, Z(s) = k), dN̄k(s) = Ȳ (s)dNk(s), N̄k(s) =

∫︁ s

0
dN̄k(u)

and {N̄k(s), 0 ≤ s} denote the counting process for observ-
able k − 1 → k transitions, k = 0, 1. The intensities for
transitions between marker states are

lim
Δs↓0

P (ΔN̄k(s) = 1 | Z(s−) = 1− k,ℋ(s))

Δs

= Ȳ (s)λk(s | ℋ(s))

where ΔN̄k(s) = N̄k(s+Δs−)− N̄k(s
−), for k = 0, 1. If the

observation process does not affect the transition intensities
between the marker values then λk(s | ℋ(s)) = λk(s | H(s))
where the latter is defined in (2.1a). We let dN2(s) = 1(T =
s), dN̄2(s) = Ȳ (s)dN2(s) indicate a failure occurred and ob-
served at s, N̄2(s) =

∫︁ s

0
dN̄2(u), and {N̄2(s), 0 ≤ s} denote

the counting process for observed failures. The failure inten-
sity is then

lim
Δs↓0

P (ΔN̄2(s) = 1 | ℋ(s))

Δs
= Ȳ (s)λ2(s | ℋ(s))

where ΔN̄2(s) = N̄2(s+Δs−)−N̄2(s
−). If the failure process

is conditionally independent of the observation processes [6],

λ2(s | ℋ(s)) = λ2(s | H(s))

with λ2(s | H(s)) defined in (2.2).
Figure 2 presents a state space diagram for the 3-state

process of interest, augmented to reflect the visit process
and random censoring. Specifically we introduce state 3,
which is entered upon withdrawal from follow-up. Transi-
tions from the left collection of four states to the middle set
indicate occurrence of the jth visit. We represent this joint
visit, censoring, and marker-failure process by {𝒵(s), 0 < s}
where 𝒵(s) = (A(s), Z(s)). Under the observation scheme
described above, the observed history of the marker-failure
process and the observation processes up to time t− is

ℋ̄(t) =
{︂
Ȳ (s), dA(s), dN̄2(s), 0 ≤ s < t,
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{︁
(aj , Z(aj)) , j = 1, . . . , A(t−)

}︁
, X2

}︂
. (2.5)

A conventional analysis of data from processes under such
an intermittent observation scheme for the marker process
involves carrying forward recorded marker values from one
assessment to the next and to update the covariate values
at that time. This means using the most recently assessed
marker value X◦

1 (s) := X1(aA(s)) in lieu of X1(s) and fitting
a standard Cox model for the failure time with covariates
X◦

1 (s) and X2. Cook et al. [7] investigate the asymptotic
bias of covariate effects estimated from this conventional
method. This presumes that all biospecimens are assayed
which of course is not feasible in many settings due to the
expense and time constraints. We next turn to commonly
proposed ad hoc strategies when cost constraints limit the
number of assays possible.

3. BIASES FROM NAIVE STRATEGIES
3.1 Ad Hoc Strategies for Cox Regression

In a large database biospecimens may be collected peri-
odically over follow-up and stored in a biobank, but it may
be prohibitively expensive to assess all of them. In settings
with electronic medical records it may likewise be necessary
to delve into medical charts to retrieve more detailed clinical
information than is routinely recorded. This can be labori-
ous and time-consuming. In such cases, as discussed in Sec-
tion 1, researchers often select only one visit or biospecimen
per individual for the measurement of expensive biomark-
ers. Common approaches include using the biospecimen col-
lected at the first visit to measure the marker value, or the
biospecimen collected at the last visit before failure or cen-
soring at time V . We let X◦

1 denote the marker value as-
sessed from the biospecimen collected at the selected visit.
Specifically, X◦

1 = X◦
1 (V ) = X1(aA(V )) when the biospeci-

men assayed is collected at the last visit before censoring or
failure, and X◦

1 = X◦
1 (a1) = X1(a1) when the biospecimen

collected at the first visit is assayed.
The observed history of the marker-failure and observa-

tion processes up to time t− under such a scheme is now

ℋ̄◦(t) =
{︁
Ȳ (s), dA(s), dN̄2(s), 0 ≤ s < t,X◦

1 , X2

}︁
.

A conventional analysis involves using X◦
1 in place of X1(s),

treating the value as fixed from time 0 to V which in-
volves both “carrying backward” and “carrying forward” the
marker value. Alternatively one can treat the time the as-
sayed biospecimen was collected as a left truncation time for
the failure time analysis and only carry forward to V . Fit-
ting a working Cox model for the failure time is then carried
based on

Γ(s | X◦) = Γ0(s) exp(ψ
′X◦) (3.1)

where X◦ = (X◦
1 , X

′
2)

′, ψ = (ψ1, ψ
′
2)

′, and Γ0(s) is the base-
line intensity for failure under this specification. We con-
sider four ad hoc strategies described in Section 1. The de-
viation of X◦

1 from the true marker process X1(s) under

these strategies is illustrated in Figure 3 through an exam-
ple. The latent marker process X1(s) is shown by the blue
dotted line, whereas X◦

1 is shown by the black solid line. The
top panels illustrate strategies that assay the marker value
using the first biospecimen sample, while the bottom pan-
els illustrate strategies that use the last biospecimen sam-
ple. Within each row, the left panel presents strategies that
carry the assayed marker value both forward and backward,
whereas the right panel presents strategies that treat the
marker value as left-truncated. The shaded regions reflect
the time intervals when the covariate is misclassified. Such
a misclassification generally results in asymptotic bias in the
estimation of parameters of interest. In particular, we will
explore the asymptotic bias of this misspecification on esti-
mating parameters β1 and β2 when the true model for the
failure process is (2.2).

Suppose we have already selected a visit (e.g., the last
visit) at which the collected biospecimen sample will be as-
sayed to measure the marker value, the observed data from
following a sample of n independent processes to the admin-
istrative censoring time τ is {ℋ̄◦

i (τ), i = 1, 2, . . . , n}. Treat-
ing the marker value fixed with X◦

1 from time 0 to the time
until failure or censoring at V , the Cox partial likelihood
score functions based on (3.1) can be formulated as

U1(s) =

n∑︂
i=1

1(Ai(τ) ≥ 1)Ȳi(s) {dNi2(s)− dΓ(s | X◦
i )}

(3.2a)
for s > 0, and

U2 =

n∑︂
i=1

1(Ai(τ) ≥ 1)

∫︂ τ

0

Ȳi(s) {dNi2(s)− dΓ(s | X◦
i )}X◦

i

(3.2b)
since each individual must have at least one visit to provide
a biospecimen for measuring the marker value X◦

i1. Solving
U1(s) = 0 for dΓ0(s) at a fixed value of ψ gives the Breslow
profile estimate [13] modified to reflect the requirement of
at least one visit

dΓ̃0(s;ψ) =

∑︁n
i=1 1(Ai(τ) ≥ 1)Ȳi(s)dNi2(s)∑︁n

i=1 1(Ai(τ) ≥ 1)Ȳi(s) exp(ψ′X◦
i )

(3.3)

for s > 0. Upon substitution into (3.2b) we obtain a partial
profile score function U(ψ) for ψ as

n∑︂
i=1

∫︂ τ

0

1(Ai(τ) ≥ 1)Ȳi(s)

{︄
X◦

i −
∑︁n

i=1 R
(1)
i (s;ψ)∑︁n

i=1 R
(0)
i (s;ψ)

}︄
dNi2(s)

(3.4)
where

R
(k)
i (s;ψ) = 1(Ai(τ) ≥ 1)Ȳi(s)(X

◦
i )

(k) exp(ψ′X◦
i ) (3.5)

for k = 0, 1, with a(k) = 1 for k = 0 and a(k) = a
for k = 1. Setting U(ψ) = 0 and solving for ψ gives ψ̃.
Upon substituting ψ̃ into (3.3), we obtain dΓ̃0(s; ψ̃) and thus
Γ̃0(s) =

∫︁ s

0
dΓ̃0(u).
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Figure 3: An illustration of the discordance between X◦
1 and the true value X1(s) under four ad hoc strategies when

minimizing the number of biospecimen assays to one per individual.

Struthers and Kalbfleisch [17] show that the limiting
value of ψ̃, denoted by ψ∗, is the solution to∫︂ τ

0

{︃
r(1)(s)− r(1)(s;ψ)

r(0)(s;ψ)
r(0)(s)

}︃
= 0 , (3.6)

where

r(k)(s) = E{R(k)
i (s)} (3.7)

with

R
(k)
i (s) = 1(Ai(τ) ≥ 1)Ȳi(s)(X

◦
i )

(k)dNi2(s) (3.8)

and

r(k)(s;ψ) = E{R(k)
i (s;ψ)} (3.9)

with R
(k)
i (s;ψ) defined in (3.5) for k = 0, 1. The expec-

tations are taken with respect to the true data generating
model which we described in general in Section 2 for the
current setting. As n → ∞,
√
n(ψ̃ − ψ∗) ∼ MVN

(︁
0,𝒜−1(ψ∗)ℬ(ψ∗)[𝒜−1(ψ∗)]′

)︁
(3.10)

where 𝒜(ψ) = E{−∂U(ψ)/∂ψ} and ℬ(ψ) = E{U(ψ)U ′(ψ)}
[1, 17, 14].

Alternatively, if we treat the failure time as left-truncated
at the selected visit time which we denote generally by Li

(i.e., the time of the measurement) and only carry forward
X◦

i1 from Li to Vi, then the Cox partial likelihood score
functions, the estimators ψ̃ and Γ̃0(s), as well as the limiting
value ψ∗ and its asymptotic property, follow the results given
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in (3.2a) to (3.10), but with Ȳi(s) = Yi(s)Y
†
i (s)Y

L
i (s) where

Y L
i (s) = 1(s ≥ Li). If the last visit is selected and the

biospecimen collected at that visit is used to measure the
marker value, then Li = aiAi(Vi); if the first visit is selected,
then Li = ai1.

3.2 Investigations for a Joint Markov Process
For what follows we focus on the scenario where the ran-

dom censoring is independent and the visit process does not
affect the nature of the transition intensities between the
joint marker-failure process, so that

λ2(s | ℋ(s)) = λ2(s | H(s))

and

λk(s | ℋ(s)) = λk(s | H(s))

for k = 0, 1.
Under a Markov assumption [5] given the fixed covari-

ates X2, λk(s | H(s)) in (2.1a) simplifies to λk(s | X2) and
λ2(s | H(s)) in (2.1b) simplifies to λ2(s | X(s)). Multiplica-
tive intensity-based regression models enable investigation
of covariate effects within the joint marker-failure process.
For the marker process we set

λk(s | X2; θk) = λk(s;αk) exp(X
′
2γk) (3.11a)

where λk(s;αk) denotes the baseline intensity for a 1−k → k
transition indexed by αk, γk is a p × 1 vector of regression
coefficients, and θk = (α′

k, γ
′
k)

′, k = 0, 1. For the failure
process we set

λ2(s | X(s); θ2) = λ2(s;α2) exp(X
′(s)β) ; (3.11b)

here λ2(s;α2) is a baseline failure intensity corresponding to
a 0 → 2 transition indexed by α2 and β = (β1, β

′
2)

′ is a (1+
p)×1 vector of regression coefficients with β1 characterizing
the association between the marker and the failure time;
θ2 = (α′

2, β
′)′.

Censoring can be marker-dependent via (2.3) but for sim-
plicity we consider a completely independent random cen-
soring process with

λ3(s | ℋ(s); θ3) = λ3(s;α3) , (3.12)

where θ3 = α3 with α3 indexing the censoring intensity. For
the visit process we consider a modulated Poisson process
[4] given the covariates X(s) with a proportional intensity
function so that λ4(s | ℋ(s)) in (2.4) simplifies to

λ4(s | X(s); θ4) = λ4(s;α4) exp(X
′(s)η) , (3.13)

where λ4(s;α4) denotes the baseline visit intensity indexed
by α4 and η = (η1, η

′
2)

′ is a (1 + p) × 1 vector of regression
coefficients. Under (3.13)

E{dA(s) | X(s)} = λ4(s;α4)ds exp(X ′(s)η) ,

and we note that (3.13) accommodates a marker-dependent
visit process.

We discuss the implications of specifying (3.1) instead of
the true model (3.11b) under the observation scheme de-
scribed in Section 2.2. We consider the aforementioned four
ad hoc strategies and investigate the percent asymptotic bias
of ψ̂ on the true parameter β defined here as 100(ψ∗−β)/β.

In order to calculate the expectations required to evaluate
the limiting value ψ∗ through (3.6), we describe a further ex-
pansion to the joint process of Figure 2, where states are la-
beled as 𝒵◦(s) := (𝒵(s), X◦

1 (s)) = (A(s), Z(s), X◦
1 (s)); the

last entry is the marker value assessed from the biospecimen
collected at the most recent visit before time s. The corre-
sponding state-space diagram is provided in Appendix A.
We next define classes of states which are convenient for fu-
ture calculations. We let 𝒞a

j = {(a, z, x◦
1) : a = j} denote a

set of states occupied by individuals with the jth follow-up
visit, 𝒞z

k = {(a, z, x◦
1) : z = k} denote a set of states oc-

cupied by individuals who are in state k, k = 0, 1, 2, 3, for
the marker-failure-censoring process, and 𝒞x◦

1

l = {(a, z, x◦
1) :

x◦
1 = l} denote a set of states occupied by individuals whose

most recently assessed marker value is l.
Based on this general multistate model 𝒵◦(s), we calcu-

late r(k)(s) and r(k)(s;ψ), k = 0, 1, under each of the four
ad hoc strategies. Note r(0)(s) can be written as

r(0)(s) = EZi(0),Xi2

{︂
E
{︂
R

(0)
i (s) | Zi(0), Xi2

}︂}︂
,

and r(1)(s) can be partitioned into r(1)(s) =

(r
(1)
1 (s), [r

(1)
2 (s)]′)′ where

r
(1)
1 (s) = EZi(0),Xi2

{︂
E
{︂
R

(1)
i1 (s) | Zi(0), Xi2

}︂}︂
and

r
(1)
2 (s) = EZi(0),Xi2

{︂
E
{︂
R

(1)
i2 (s) | Zi(0), Xi2

}︂}︂
= EZi(0),Xi2

{︂
Xi2 E

{︂
R

(0)
i (s) | Zi(0), Xi2

}︂}︂
,

with R
(0)
i (s) defined in (3.8),

R
(1)
i1 (s) = 1(Ai(τ) ≥ 1)Ȳi(s)X

◦
i1dNi2(s) ,

and

R
(1)
i2 (s) = 1(Ai(τ) ≥ 1)Ȳi(s)Xi2 dNi2(s) .

Similarly we can write r(0)(s;ψ) as

r(0)(s;ψ) = EZi(0),Xi2

{︂
E
{︂
R

(0)
i (s;ψ) | Zi(0), Xi2

}︂}︂

and partition r(1)(s;ψ) = (r
(1)
1 (s;ψ), [r

(1)
2 (s;ψ)]′)′ with

r
(1)
1 (s;ψ) = EZi(0),Xi2

{︂
E
{︂
R

(1)
i1 (s;ψ) | Zi(0), Xi2

}︂}︂
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Figure 4: Percent asymptotic biases of ψ̂1 (left panel) and ψ̂2 as a function of the baseline visit intensity λ4 with an
independent visit process under four ad hoc strategies.

and

r
(1)
2 (s;ψ) = EZi(0),Xi2

{︂
E
{︂
R

(1)
i2 (s;ψ) | Zi(0), Xi2

}︂}︂
= EZi(0),Xi2

{︂
Xi2 E

{︂
R

(0)
i (s;ψ) | Zi(0), Xi2

}︂}︂
,

where R
(0)
i (s;ψ) is defined in (3.5),

R
(1)
i1 (s;ψ) = 1(Ai(τ) ≥ 1)Ȳi(s)X

◦
i1 exp(ψ

′X◦
i ) ,

and

R
(1)
i2 (s;ψ) = 1(Ai(τ) ≥ 1)Ȳi(s)Xi2 exp(ψ

′X◦
i ) .

Note the terms E{R(0)
i (s) | Zi(0), Xi2}, E{R(1)

i1 (s) |
Zi(0), Xi2}, E{R(0)

i (s;ψ) | Zi(0), Xi2} and E{R(1)
i1 (s;ψ) |

Zi(0), Xi2} may take different forms when different ad hoc
strategies are used. Detailed calculations of these terms can
be found in Appendix B.

3.3 Limiting Values of 𝝍∗

Next, we investigate the limiting value ψ∗ as a func-
tion of the transition intensity parameters in equations
(3.11a) to (3.13) under the above ad hoc strategies. We set
the initial state occupancy of the low marker value to be
P (Z(0) = 0) = π0 = 0.5 and set the administrative censor-
ing time to be τ = 1 without loss of generality. We consider
a single binary fixed covariate X2 with P (X2 = 1) = 0.5. For
the conditional Markov marker-failure process with propor-
tional hazard transition intensities specified in (3.11a) and
(3.11b), we set the baseline transition intensities to be time
homogeneous so that λ2(s;α2) = λ2 and λk(s;αk) = λk for
k = 0, 1. For the failure intensities we set β1 = log 1.5 so
that an elevated marker confers a 50% increase in the inten-
sity to failure, and we set β2 = log 1.25 so that X2 is also a
risk factor. For the marker process we set γ0 = log 0.9 and
γ1 = log 1.1 so X2 = 1 elevates the 0 → 1 transition intensity

but reduces the 1 → 0 intensity. We let π1 = λ1/(λ1+λ2) de-
note the odds of a 0 → 1 transition when the process enters
state 0 with X2 = 0, and set π1 = 0.75. We then set r01 =
(λ0 + λ2 exp(β1))/(λ1 + λ2) = 2 so that the mean sojourn
time in state 0 is twice the mean sojourn time in state 1 when
X2 = 0. With all other parameters specified as described
above, we control the marginal failure rate at the adminis-
trative censoring time for the marker-failure process by let-
ting π2 = P (Z(τ) = 2) = EZ(0),X2

{P (Z(τ) = 2 | Z(0), X2}
and solving for λ2 to satisfy π2 = 0.8.

Having specified the parameters for the three-state
marker-failure process in Figure 1, we now consider the
observation processes. We consider an independent ran-
dom censoring with an intensity specified in (3.12) with
a time-homogeneous model so that λ3(s;α3) = λ3. Let
π3 = P (Z(τ) = 3) = EZ(0),X2

{P (Z(τ) = 3 | Z(0), X2} de-
note the marginal random censoring rate by the administra-
tive censoring time, and we solve π3 = 0.2 for λ3 to ensure
a 20% random censoring rate. Lastly we consider a condi-
tional Poisson visit process with a proportional intensity for
visits specified in (3.13). We let the visit process be time-
homogeneous so that λ4(s;α4) = λ4. We consider both a
completely independent visit process (η1 = η2 = 0 in (3.13))
and a marker-dependent visit process (η1 ̸= 0, η2 = 0). For
the former case we investigate the limiting value ψ∗ as a
function of λ4. For the latter case, we investigate ψ∗ as a
function of the marker effect on the visits η1; we let

μ = E{A(τ)} = EZ(0),X2

⎧⎨
⎩

∞∑︂
j=0

j · P (𝒵◦(τ) ∈ 𝒞a
j | Z(0), X2

⎫⎬
⎭

and for each specified value of η1, we solve for λ4 such that
μ = 4, 8, 12. The percent asymptotic bias of ψ̂ obtained
from the four ad hoc strategies with either an independent
or marker-dependent visit process is plotted in Figures 4
and 5 respectively.
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Figure 5: Percent asymptotic biases of ψ̂1 (left panel) and ψ̂2 as a function of the marker effect on the visit intensity (η1)
for μ = E{A(τ)} = 4, 8, 12 with a marker-dependent visit process under four ad hoc strategies.
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Figure 4 contains plots of the percent asymptotic bias of
estimators of the effects of X◦

1 (left column) and X2 (right
column) on the failure time process, defined as 100(ψ∗

1 −
β1)/β1 and 100(ψ∗

2 − β2)/β2 respectively. Black lines corre-
spond to strategies that assay the last biospecimen, while
red lines correspond to those that assay the first biospeci-
men. Dot-dashed lines represent strategies that incorporate
left truncation. The results demonstrate that even with an
independent visit process, selecting only a single visit to
measure the marker value and carrying it forward or back-
ward as well renders the estimator ψ̂ inconsistent for β. All
four strategies severely underestimate the marker effect. For
the effect of fixed covariate X2, all strategies overestimate
the effect except when X◦

1 is measured from the biospeci-
men collected at the first visit and treated as left-truncated.
Specifically, when X◦

1 is measured from the biospecimen col-
lected at the last visit and carried both backward and for-
ward, there is a trend of decreasing bias of both ψ̂1 and ψ̂2

as the visit intensity λ4 increases. When X◦
1 is measured

from the last biospecimen but carried only forward, we still
observe a decreasing bias of ψ̂1 as λ4 increases, but the bias
of ψ̂2 goes to the other direction and significantly increases
when λ4 increases. For the strategy where X◦

1 is measured
from the biospecimen collected at the first visit and carried
both backward and forward, the asymptotic bias of ψ̂1 tends
to increase while the bias of ψ̂2 tends to decrease with an
increasing λ4. There is no trend of change of the biases of
ψ̂1 and ψ̂2 when X◦

1 is carried only forward from the first
visit.

Figure 5 presents plots of the percent asymptotic bias of
ψ̂1 and ψ̂2 when the visit process is marker-dependent, with
each row corresponding to one ad hoc strategy. The figure
shows analogous results that in general all strategies provide
a conservative estimate of the marker effect and a progres-
sive estimate for the fixed covariate effect, except when X◦

1

is carried only forward from the last visit. A negative value
of η1 indicates a negative association between the marker
and the visit intensity. As η1 increases from −2 to 2, the
association between the marker and the visit process goes
from negative to positive, and the strength of the associa-
tion first decreases (to 0) and then increases. When X◦

1 is
carried only forward from the first visit, no trend is observed
as η1 increases. In contrast, a trend of increasing ψ∗

1 and ψ∗
2

is apparent for all other strategies, with the rate of increase
being higher with greater visit intensities.

4. DESIGN FOR COST-EFFECTIVE
SELECTION

Having established that any of the ad hoc approaches that
we considered yield inconsistent parameter estimators with
appreciable asymptotic bias, we now turn to the joint mod-
eling framework described in Section 2 to mitigate this bias.
For the remainder of this paper, we assume the marker-
failure process follows the conditional Markov model and

is conditionally independent of the observation process, and
that the observation process is non-informative. The bias in-
duced by ad hoc strategies can, in principle, be mitigated by
fitting the full joint process 𝒵(s) represented by the state
space diagram in Figure 2. Using intermittently observed
data ℋ̄(V +

i ) defined in (2.5), together with the transition
intensities governing this process, the observed data like-
lihood can be formulated assuming biospecimens collected
at all visits are assayed. The corresponding observed data
likelihood contribution for the marker-failure process is then
given by

n∏︂
i=1

{︄
Ai(Vi)∏︂
j=2

P (Zi(aij) | Zi(ai,j−1), Xi2)

×
1∑︂

k=0

{︂
P
(︁
Zi(V

−
i ) = k | Zi(aiAi(Vi)), Xi2

)︁

× λ2(Vi | Xi1(V
−
i ) = k,Xi2)

δi
}︂}︄

.

However, such complete assessment may be prohibitively
expensive in many studies. We therefore seek cost-effective
sampling strategies that retain the key advantages of this
joint modeling framework while remaining feasible under
realistic assay constraints. Specifically, we propose a sub-
sampling scheme in which some individuals are selected for
complete longitudinal assessment of their biospecimens over
visits, and some are selected for a single assessment of the
baseline (first-visit) biospecimen value. The rationale for
this strategy is that individuals selected for complete longi-
tudinal assessment of their samples enable estimation of the
marker transition intensities, which in turn facilitates suit-
able use of data from those for whom only a single biospeci-
men is assayed. There are, however, individuals who experi-
ence events that are not sub-sampled in this scheme so there
is the potential for some loss of information.

Suppose we have n individual processes, each with mi ≥ 1
clinical visits by the administrative censoring time for indi-
vidual i, i = 1, . . . , n. For all individuals, biospecimens are
sampled and stored at each clinic visit, yielding a total of
m· =

∑︁n
i=1 mi biospecimen samples across all n individu-

als. Suppose that instead of assaying all m· biospecimens,
budgetary constraints permit only an average of μb assays
(μb < m·) across these individuals. In Section 3, we inves-
tigated strategies allocating only one assay per individual.
We let nL represent the number of individuals for whom
all biospecimens are assayed and let nS be the number of
individuals from the remainder of the cohort for whom the
first available biospecimen will be assayed. Let RiL indi-
cate individual i is selected to be followed longitudinally for
complete assays of biospecimens over time, RiS indicate the
individual is selected for a single assay of the biospecimen
collected at the first visit, i = 1, . . . , n, then nL =

∑︁n
i=1 RiL

and nS =
∑︁n

i=1 RiS . Note under this selection strategy, an
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individual is either selected to be in the longitudinal sub-
sample (RiL = 1, RiS = 0), selected to be in the single-
measurement subsample (RiL = 0, RiS = 1), or not selected
at all (RiL = 0, RiS = 0). Let

mL =

n∑︂
i=1

RiLmi

denote the total number of assays conducted among those
in the longitudinal subsample, we have the total number of
assays mb = mL + nS with E(mb) = μb to satisfy the bud-
get constraint. A question then naturally arises: how should
we allocate mb assays between the longitudinal and single-
measurement subsamples? In other words, what fraction of
mb should be allocated to mL?

We consider independent random sampling, where the
probability of being selected into the longitudinal subsam-
ple is P (RiL = 1, RiS = 0) = πL, the probability of be-
ing selected into the single-measurement sample is P (RiL =
0, RiS = 1) = πS , and the probability of not being selected
into either sample is P (RiL = 0, RiS = 0) = 1 − πL − πS ,
with πL + πS < 1. Selection into both subsamples is not
allowed, so P (RiL = 1, RiS = 1) = 0. Moreover, we have
P (RiL = 1) = πL and P (RiS = 1) = πS . Under this
framework and sampling scheme, the observed data likeli-
hood contribution from one individual for the marker-failure
process can be written as

Li ∝ {πLLiL}RiL {πSLiS}RiS

where LiL, LiS denote the contributions from the longitu-
dinal and single-measurement subsamples respectively, with
explicit forms

LiL ∝
mi∏︂
j=2

P (Zi(aij) | Zi(ai,j−1), Xi2)

×
1∑︂

k=0

{︂
P
(︁
Zi(V

−
i ) = k | Zi(ai,mi), Xi2

)︁
× λ2(Vi | Xi1(V

−
i ) = k,Xi2)

δi
}︂

and

LiS ∝
1∑︂

k=0

{︂
P
(︁
Zi(V

−
i ) = k | Zi(ai1), Xi2

)︁
× λ2(Vi | Xi1(V

−
i ) = k,Xi2)

δi
}︂

where Vi = min(Ti, Ci) and δi = 1(Vi = Ti). With a sam-
ple of n independent individual processes, the overall ob-
served data likelihood is then L(θ) =

∏︁n
i=1 Li(θ) where

θ = (θ′0, θ
′
1, θ

′
2)

′ denotes parameters associated with the
marker-failure process defined in (3.11a) and (3.11b). A
maximum likelihood estimator θ̂ can then be obtained by

maximizing the observed data likelihood. The Fisher infor-
mation ℐ(θ) = E {−∂ logLi(θ)/∂θ∂θ

′} can be written as a
weighted sum of the Fisher information contributed from
the longitudinal and single-measurement subsamples

ℐ(θ) = πLℐL(θ) + πSℐS(θ) ,

where

ℐL(θ) = E {−∂ logLiL(θ)/∂θ∂θ
′}

and

ℐS(θ) = E {−∂ logLiS(θ)/∂θ∂θ
′} .

The asymptotic covariance matrix of θ̂ is given by ℐ−1(θ).
To identify an optimal sampling design under the assay bud-
get constraint, we study the asymptotic variance of the re-
gression coefficient estimators. Since ℐ(θ) depends on the
sampling probabilities πL and πS , the optimal design is de-
termined by the specification of πL and πS under the budget
constraint.

To characterize this constraint, we next relate the sam-
pling probabilities πL and πS to the assay budget. Taking
the expectation of mb = mL + nS on both sides gives

μb = μbL + μbS (4.1)

where

μbL = E(mL) = nπLμ̄

and

μbS = E(nS) = nπS ,

with μ̄ = E(mi) = E{Ai(τ) | Ai(τ) ≥ 1} denoting the
expected number of visits (and thus biospecimens) per in-
dividual by the administrative censoring time conditioning
on having at least one visit. We can thus re-write (4.1) as

μb/n = πLμ̄+ πS . (4.2)

With pre-specified values of μb/n and μ̄, the budget con-
straint in (4.2) implies that πS is uniquely determined by πL.
Consequently, the Fisher information ℐ(θ) and correspond-
ing asymptotic variance of the regression coefficient estima-
tors can both be expressed as functions of πL alone. This
allows us to identify the optimal value of πL that minimizes
the asymptotic variance under the specified assay budget.

For practical interpretation, we re-parameterize this allo-
cation strategy in terms of

ϕL := E(mL)/μb = nπLμ̄/μb , (4.3)

which represents the fraction of total assays allocated to the
longitudinal subsample. We next investigate the asymptotic
variance of β̂ as a function of ϕL. We follow the model spec-
ifications and parameter settings of Section 3.3 and let the
failure rate be π2 = 0.1, 0.25, 0.5, or 0.8. We set μb/n = 0.5
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or 1 and μ̄ = 4 or 8. For each value of ϕL, we compute the
asymptotic relative efficiency of β̂, defined as

ARE(β̂) = asvar(β̂)
minϕL

asvar(β̂)
,

and plot ARE(β̂) against ϕL in Figure 6. The optimal val-
ues of ϕL vary between 5% to 25% and the corresponding
asymptotic variances of β̂ are provided in the legends of the
plots. Across all parameter settings, there is a common pat-
tern: the asymptotic relative efficiency of β increases rapidly
and then gradually decreases when the fraction of mL in-
creases from 0 to 1. This is because when ϕL is very small,
we have more individuals with fewer repeated measurements
of the marker value so that we lose information about the
marker transitions; when ϕL is larger, on the other hand, we
have fewer individuals with more repeated marker measure-
ments, so we lose information on the failure time. Comparing
various levels of failure rate π2, the optimal fraction ϕL is
larger with higher π2; additionally, the rate of change in the
relative efficiency is also larger. The asymptotic variances
are overall smaller when we have more budget on the num-
ber of assays (μb/n = 0.5 vs μb/n = 1). Although these nu-
merical results are based on specific simulation settings, the
proposed design framework is general: for any given study
setting and assay budget, investigators can vary ϕL over its
feasible range, evaluate the corresponding asymptotic vari-
ance, and identify the value that minimizes asymptotic vari-
ance to determine the corresponding sub-sampling design.

5. ARTHRITIS MUTILANS IN PSA
An illustrative example of the proposed selection strat-

egy is given here by applying the method to data from the
University of Toronto Psoriatic Arthritis Cohort Study. Pso-
riatic arthritis (PsA) is a complex rheumatic disease defined
as a chronic inflammatory arthritis associated with psoria-
sis. The University of Toronto PsA Clinic at the Centre for
Prognosis Studies in The Rheumatic Diseases at Toronto
Western Hospital maintains a comprehensive database of pa-
tients diagnosed with PsA [10]. Individuals with a prior di-
agnosis of PsA are recruited to participate in the cohort and
are followed prospectively over time to monitor the severity
of disease progression. C-reactive protein (CRP) is a sub-
stance produced by the liver in response to inflammation,
and a CRP blood test measures its level to detect inflamma-
tion from acute conditions or to monitor the severity of dis-
ease in chronic conditions. Erythrocyte sedimentation rate
(ESR) is another blood test used to detect inflammation in
the body. While similar to CRP in its purpose, ESR mea-
sures different aspects and can sometimes be used together
with CRP for a more comprehensive view of inflammation.
Both CRP and ESR measurements can only be taken during
periodic clinical visits through blood tests. The primary in-
terest here lies in studying the effect of the time-dependent

covariate denoted ESR_CRP (which indicates if either ESR
or CRP is elevated) on the time to the development of five or
more damaged joints in patients with PsA. This represents
a sufficient degree of damage that it satisfies the condition
for a severe form of arthritis called arthritis mutilans [11].

We focus on a total of n = 1123 patients with a prior
diagnosis of PsA who had made at least one follow-up visit
after recruitment into the study. For each individual, the
reported age at PsA diagnosis is taken as the time origin.
At each subsequent clinical visit, data including the ESR
and CRP results from the blood tests, the date of the blood
test, and the number of cumulative damaged joints were
recorded. The age of onset of PsA varies from 4 to 49 years
(with an average of 39.07 and S.D. of 13.57) across patients
in this cohort, and the number of visits made per individ-
ual during their follow-up period ranges from 1 to 62 (with
an average of μ̄ = 9.98 and S.D. of 12.42). Additionally,
274 (24.4 %) patients were observed to develop five or more
damaged joints.

Instead of using all m· = 11204 measurements of the
ESR_CRP marker value, we imagine that the measure-
ments were not available and consider a budgetary con-
straint. We subsample the visit times at which samples are
available by our proposed cost-effective sampling strategy
for a joint analysis of the ESR_CRP marker and the devel-
opment of arthritis mutilans. We consider a fixed covariate of
HLA-B27 and consider budgets μb to be 0.5n, n or 2n. With
a pre-specified value of ϕL (i.e., the fraction of the marker
measurements in the longitudinal subsample to the total
budget), πL and πS can be determined via (4.2) and (4.3).
We then select a subsample of marker measurements accord-
ingly for the joint analysis. Our goal is to empirically in-
vestigate the variance of the coefficients of both ESR_CRP
and HLA-B27 covariates under different specifications of ϕL.
When μb = 0.5n or n, we choose ϕL = 0.2, 0.4, 0.6, or 0.8;
when μb = 2n, we choose ϕL = 0.6, 0.7, 0.8, or 0.9, since
we have to assign at least half of the budget to the longi-
tudinal subsample (i.e., ϕL > 0.5) to ensure πS < 1. Time-
homogeneous transition intensities are fitted for the joint
multistate model, and the results of the estimates of the re-
gression coefficients under various specifications of μb and
ϕL are summarized in Table 1. For μb = 0.5n or n, a min-
imum variance of the effect of the time-dependent marker
ESR_CRP on failure is achieved when we assign 40% of the
measurement budget to the longitudinal subsample, while a
minimum variance of the effect of the fixed covariate HLA-
B27 is achieved at 60%. For μb = 2n, the minimum vari-
ance of both the marker effect and the fixed covariate effect
is achieved when ϕL = 60%. Additionally, the estimated
variance of both effects decreases as we have more mea-
surement budget (data) for the time-dependent ESR_CRP
value. The point estimates of the ESR_CRP effect are com-
parable when ϕL < 0.6 but not when ϕL > 0.6. This may be
due to the small censoring rate of the original data, mean-
ing that selecting fewer individuals (and thus having more
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Figure 6: Asymptotic relative efficiency of β̂1 (left panel) and β̂2 as a function of ϕL for π2 = 0.1, 0.25, 0.5, 0.8, μb/n = 0.5, 1
and μ̄ = 4, 8; the asymptotic variances are obtained from the expected information matrix ℐ(θ) with the expectation carried
out by Monte-Carlo integration with 500,000 replications.
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Table 1. Joint analyses of the ESR_CRP and failure
processes with a fixed covariate of HLA-B27 using subsamples

selected under different specifications of μb and ϕL;
time-homogeneous baseline transition intensities are fitted;

variance estimates are obtained through observed information
matrix averaged over 500 repetitions.

Covariate

ESR_CRP (β1) HLA-B27 (β2)

μb/n ϕL EST VAR EST VAR

0.5 0.2 1.639 2.848 0.175 0.590
0.4 1.464 2.449 0.293 0.588
0.6 1.361 2.608 0.225 0.532
0.8 0.941 2.634 0.291 0.574

1 0.2 1.660 1.343 0.231 0.417
0.4 1.522 1.288 0.270 0.339
0.6 1.355 1.305 0.285 0.312
0.8 0.917 1.324 0.258 0.351

2 0.6 1.229 0.705 0.283 0.200
0.7 1.134 0.732 0.270 0.211
0.8 0.974 0.974 0.268 0.231
0.9 0.798 0.791 0.263 0.273

longitudinal marker measurements) results in less data on
observed failures.

6. DISCUSSION
The bias in Cox regression coefficients arising from the

carry-forward approach has recently been studied formally
[7, 12]. To address this issue, joint modeling of continuous
marker processes and failure times is needed, with most
models for the marker trajectory having an additive form
with subject-specific random effects accommodating hetero-
geneity in the marker paths and a serial dependence. The
association between the marker process and the failure pro-
cess is accommodated by incorporating shared or correlated
random effects to the failure time model [15, 20]. Condi-
tioning on the random effects, the failure time process and
the marker processes are typically assumed to be indepen-
dent, but a joint model can be obtained by integrating over
the random effects. Such joint models often require a strong
assumption about the distributions of the marker processes
[3, 21] and are less appealing when the failure event is death,
as the marker process does not terminate upon death [19].
Other strategies for dealing with intermittent observation
of marker processes do not involve joint modeling. de Brui-
jne et al. [9] proposed a way of attenuating the bias us-
ing a weighted Cox regression method where weights decay
as a function of time from the most recent marker mea-
surement; this reduces the bias by down-weighting contri-
butions to the partial score function when it is a long time
since the marker measurement. Other methods involving us-
ing smoothing techniques to impute the missing “current”
marker values at failure times have been explored [16, 18, 2].

In medical research, it is common to discretize continu-
ous biomarkers by specifying cut-points agreed upon by re-
searchers; in some settings these may be thresholds delineat-
ing meaningfully different disease states. Such discretization
can be appealing since it enables a joint multistate model
of the marker and failure processes by specification of a dis-
crete state spacing incorporating different levels of marker
states and an absorbing state for the terminal effect of death
[5]. Moreover, in settings where marker values are recorded
at clinic visits or when an individual seeks medical care, the
visit times are often associated with the values of the marker
process. It is then crucial to account for such association be-
tween the clinical visit process and the disease process for
valid inference of the marker effect as the observation pro-
cess conveys information about the disease process [5, 6].

We studied the association between a time-dependent
biomarker and a failure time of interest in settings where
biomarker measurements are only available at intermittent
clinical visits. We introduced a multistate model for the
joint marker-failure process by discretizing the continuous
biomarker into two levels. This model formulation allows
for natural extensions to accommodate dependent observa-
tion processes [7], and can be generalized to accommodate
more marker states and higher-dimensional discrete mark-
ers. Markov transition intensities with proportional hazard
models were adopted to govern the disease dynamics. With
marker values available at each clinical visit, a joint analy-
sis can be conducted for the marker-failure process. We also
considered budgetary constraints on assessing marker values
at clinical visits and investigated the asymptotic bias of four
commonly used but naive ad hoc strategies for statistical in-
ference arising from misspecified Cox models. Our findings
indicated that there is generally an attenuation of the es-
timated regression coefficients, particularly for the marker
effect, even when the visit process is completely indepen-
dent of the disease process. To address this, an alternative
cost-effective strategy has been proposed to mitigate bias
under budgetary constraints which involves efficient selec-
tions of individuals. The asymptotic relative efficiency of
estimators obtained from this proposed strategy under dif-
ferent designs has been explored and an optimal one can
thus be determined.

As we only have focused on simple random sampling for
individual selection, a natural alternative to the selection
strategy is to consider outcome-dependent sampling for in-
dividual selection to the two subsamples. Specifically, we
might intentionally select all individuals with an observed
failure and assess their marker values using all biospecimen
samples. Besides selecting individuals with either a single
assay or complete assays of biospecimens, we could also con-
sider selecting several specific visits at which the collected
biospecimen is assayed for each individual, and the visits
selected could vary across individuals. In general, if we let
Rij = 1, j = 1, . . . ,mi, indicate the biospecimen collected at
the jth visit for individual i is assayed for a marker value,
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Figure A.1: A state space diagram for a multistate model
of 𝒵◦(s) = (𝒵(s), X◦

1 (s)) = (A(s), Z(s), X◦
1 (s)) depicting a

more general joint model for the marker-failure process and
the observation processes.

the budgetary constraint becomes mb =
∑︁n

i=1

∑︁mi

j=1 Rij .
Various models can be specified for the joint distribution of
the selection indicators Rij , allowing for the formulation of
a joint likelihood of the selection indicators and the marker-
failure process. Fisher information can then be derived for
determining an optimal design of the parameters related to
the selection distributions.

The robustness of the multistate model for the joint
marker-failure process can be improved by adopting piece-
wise constant baseline transition intensities. Random ef-
fects could be incorporated into the transition intensities
to account for unexplained heterogeneity at the individual
level. More complex multistate disease process can be con-
sidered when there is more than one clinical event of in-
terest. Additionally, the multistate model can be extended
to accommodate a higher-dimensional marker process via
the use of more cut-points for the marker value or through
the consideration of multiple time-dependent markers. Mix-
ture multistate models might also be of interest when there
is a portion of the population not susceptible to the event
of interest. These models can separate the susceptible and
non-susceptible subpopulations, providing more accurate es-
timates of the effects of covariates on the failure risk. This
approach could be particularly useful in settings where het-
erogeneity in the population’s response to covariates or fail-
ure susceptibility is expected.

APPENDIX A. STATE SPACE DIAGRAM
FOR

𝓩◦(𝒔) = (𝑨(𝒔), 𝒁(𝒔), 𝑿◦
1(𝒔))

The states in Figure A.1 are arranged so that individu-
als with X◦

1 (s) = X1(aA(s)) = 0 occupy the upper set of

states, whereas those with X◦
1 (s) = 1 occupy the lower set.

Transitions from the left to the right panels indicate that a
visit has occurred. Transitions between the upper and lower
sets of states occur only when a new visit takes place and
the marker value assessed at that visit differs from the value
assessed at the previous visit. This figure thus contains infor-
mation on the latent marker process, the observable failure
and observation processes, and the marker values assessed
at each visit.

APPENDIX B. CONDITIONAL
EXPECTATIONS

Here we present detailed calculations of the expectations
required for the four naive ad hoc strategies described in
Section 3.2.

B.1 Assaying the Last Sample
When the marker value is assessed using the biospeci-

men sample collected at the last visit and treated without
left truncation, we have X◦

i1 = X◦
i1(Vi) = Xi1(aiAi(Vi)) and

Ȳi(s) = Yi(s)Y
†
i (s). E{R(0)

i (s) | Zi(0), Xi2} can be calcu-
lated as

E
{︁
1(Ai(τ) ≥ 1)Ȳi(s)dNi2(s) | Zi(0), Xi2

}︁
=

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1 | Zi(0), Xi2

)︁

=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1 | Zi(0), Xi2

)︁

=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k | Zi(0), Xi2

)︁
×

P
(︁
dNi2(s) = 1 | Zi(s

−) = k,Xi2

)︁
= λ2(s)ds

1∑︂
k=0

∞∑︂
j=1

P
(︁
𝒵◦

i (s
−) ∈ 𝒞az

jk | Zi(0), Xi2

)︁
exp(kβ1 +X ′

i2β2)
(B.1)

where 𝒞az
jk = 𝒞a

j ∩𝒞z
k . Recall 𝒞a

j = {(a, z, x◦
1) : a = j} denotes

a set of states occupied by individuals with the jth follow-
up visit, 𝒞z

k = {(a, z, x◦
1) : z = k} denotes a set of states

occupied by individuals who are in state k for the four-state
process depicted in Figure 1, and 𝒞x◦

1

l = {(a, z, x◦
1) : x

◦
1 = l}

denotes a set of states occupied by individuals whose most
recently recorded marker value is l. E{R(1)

i1 (s) | Zi(0), Xi2}
can be calculated as

E
{︁
1(Ai(τ) ≥ 1)Ȳi(s)X

◦
i1dNi2(s) | Zi(0), Xi2

}︁
=

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

X◦
i1(Vi) = 1 | Zi(0), Xi2)
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=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1,

X◦
i1(s

−) = 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

{︁
P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k,

X◦
i1(s

−) = 1 | Zi(0), Xi2

)︁
×

P
(︁
dNi2(s) = 1 | Zi(s

−) = k,Xi2

)︁ }︁
=λ2(s)ds

1∑︂
k=0

∞∑︂
j=1

P
(︂
𝒵◦

i (s
−) ∈ 𝒞azx◦

1

jk1 | Zi(0), Xi2

)︂

exp(kβ1 +X ′
i2β2) (B.2)

with 𝒞azx◦
1

jkl = 𝒞az
jk ∩ 𝒞x◦

1

l . Similarly, we can calculate
E{R(0)

i (s;ψ) | Zi(0), Xi2} as

E
{︁
1(Ai(τ) ≥ 1)Ȳi(s) exp(ψ

′X◦
i ) | Zi(0), Xi2

}︁
=

1∑︂
l=0

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,X◦
i1(τ) = l | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

=

1∑︂
l=0

1∑︂
k=0

{︁
P
(︁
Zi(s

−) = k | Zi(0), Xi2

)︁
×

P
(︁
Ai(τ) ≥ 1, X◦

i1(τ) = l | Zi(s
−) = k,Xi2

)︁
exp(ψ1l + ψ′

2Xi2)
}︁

=

1∑︂
l=0

1∑︂
k=0

P
(︁
𝒵◦

i (s
−) ∈ 𝒞z

k | Zi(0), Xi2

)︁
×

∞∑︂
j=1

P
(︂
𝒵◦

i (τ) ∈ 𝒞ax◦
1

jl | 𝒵◦
i (s

−) ∈ 𝒞z
k , Xi2

)︂

exp(ψ1l + ψ′
2Xi2) ,

and E{R(1)
i1 (s;ψ) | Zi(0), Xi2} as

E
{︁
1(Ai(τ) ≥ 1)Ȳi(s)X

◦
i1 exp(ψ

′X◦
i ) | Zi(0), Xi2

}︁
=

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,X◦
i1(τ) = 1 | Zi(0), Xi2

)︁
exp(ψ1 + ψ′

2Xi2)

=

1∑︂
k=0

P
(︁
𝒵◦

i (s
−) ∈ 𝒞z

k | Zi(0), Xi2

)︁
×

∞∑︂
j=1

P
(︂
𝒵◦

i (τ) ∈ 𝒞ax◦
1

j1 | 𝒵◦
i (s

−) ∈ 𝒞z
k , Xi2

)︂

exp(ψ1 + ψ′
2Xi2) .

B.2 Assaying the Last Sample; Left-Truncation
When the marker value is assessed using the biospecimen

collected at the last visit and the failure time is considered as

left-truncated, we have X◦
i1 = X◦

i1(Vi) = Xi1(aiAi(Vi)) and
Ȳi(s) = Yi(s)Y

†
i (s)Y

L
i (s) where Li = aiAi(Vi). E{R(0)

i (s) |
Zi(0), Xi2} is now

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

s ≥ aiAi(Vi) | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

Ai(s) = Ai(τ) | Zi(0), Xi2

)︁
=

1∑︂
k=0

∞∑︂
j=1

P
(︁
Ai(τ) = j, Zi(s

−) = k, dNi2(s) = 1,

Ai(s) = Ai(τ) | Zi(0), Xi2

)︁
=

1∑︂
k=0

∞∑︂
j=1

P
(︁
Ai(τ) = j, Zi(s

−) = k, dNi2(s) = 1,

Ai(s) = j | Zi(0), Xi2

)︁
=

1∑︂
k=0

∞∑︂
j=1

P
(︁
Ai(s

−) = j, Zi(s
−) = k,

dNi2(s) = 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1 | Zi(0), Xi2

)︁

and E{R(1)
i1 (s) | Zi(0), Xi2} is equal to

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1, X◦
i1(s

−) = 1,

Ai(s) = Ai(τ) | Zi(0), Xi2

)︁
=

1∑︂
k=0

∞∑︂
j=1

P
(︁
Ai(τ) = j, Zi(s

−) = k,

dNi2(s) = 1, X◦
i1(s

−) = 1, Ai(s) = j | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1,

X◦
i1(s

−) = 1 | Zi(0), Xi2

)︁
.

Note these two conditional expectations have the same forms
as in (B.1) and (B.2) where the analysis is conducted with-
out left-truncation. This makes sense since dNi2(s) = 1 im-
plies no more visits after failure, which means the process
has made its last visit by time s, i.e., s ≥ aiAi(Vi). The other
two conditional expectations E{R(0)

i (s;ψ) | Zi(0), Xi2} and
E
{︂
R

(1)
i1 (s;ψ) | Zi(0), Xi2

}︂
can be calculated as

1∑︂
l=0

1∑︂
k=0

∞∑︂
j=1

{︂
P
(︁
Ai(τ) = j, Zi(s

−) = k,X◦
i1(τ) = l,
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Ai(s
−) = j | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)
}︂

=

1∑︂
l=0

1∑︂
k=0

∞∑︂
j=1

{︂
P
(︁
Ai(s

−) = j, Zi(s
−) = k | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

P
(︁
Ai(τ) = j,X◦

i1(τ) = l | Ai(s
−) = j,

Zi(s
−) = k,Xi2

)︁}︂

=

1∑︂
l=0

1∑︂
k=0

∞∑︂
j=1

{︂
P
(︁
𝒵◦

i (s
−) ∈ 𝒞az

jk | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

P
(︂
𝒵◦

i (τ) ∈ 𝒞ax◦
1

jl | 𝒵◦
i (s

−) ∈ 𝒞az
jk , Xi2

)︂}︂
and

1∑︂
k=0

∞∑︂
j=1

{︂
P
(︁
Ai(τ) = j, Zi(s

−) = k,X◦
i1(τ) = 1,

Ai(s
−) = j | Zi(0), Xi2

)︁
exp(ψ1 + ψ′

2Xi2)
}︂

=

1∑︂
k=0

∞∑︂
j=1

{︂
P
(︁
𝒵◦

i (s
−) ∈ 𝒞az

jk | Zi(0), Xi2

)︁
exp(ψ1 + ψ′

2Xi2)

P
(︂
𝒵◦

i (τ) ∈ 𝒞ax◦
1

j1 | 𝒵◦
i (s

−) ∈ 𝒞az
jk , Xi2

)︂}︂
respectively.

B.3 Assaying the First Sample
Now we use the marker value measured using the first

biospecimen, i.e., X◦
i1 = X◦

i1(ai1) = Xi1(ai1) and the Cox
regression analysis is conducted without left-truncation, i.e.,
Ȳi(s) = Yi(s)Y

†
i (s). E{R(0)

i (s) | Zi(0), Xi2} can be written
as

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

X◦
i1(ai1) = 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1,

X◦
i1(ai1) = 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

∫︂ s

0

P
(︁
Zi(s

−) = k, dNi2(s) = 1, Ai(a
−
1 ) = 0,

Zi(a
−
1 ) = 1, dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

=

1∑︂
k=0

∫︂ s

0

{︂
P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = 1,

dAi(a1) = 1 | Zi(0), Xi2

)︁
P
(︁
dNi2(s) = 1 | Zi(s

−) = k
)︁}︂

da1

= λ2(s)ds

1∑︂
k=0

{︂
exp(kβ1 +X ′

i2β2)

∫︂ s

0

P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = 1,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

}︂
(B.3)

where P (Zi(s
−) = k,Ai(a

−
1 ) = 0, Zi(a

−
1 ) = l, dAi(a1) = 1 |

Zi(0), Xi2) is equal to

P (𝒵◦
i (a

−
1 ) ∈ 𝒞az

0l | Zi(0), Xi2)×

P
(︂
𝒵◦

i (s
−) ∈ 𝒞z

k | 𝒵◦
i (a1) ∈ 𝒞azx◦

1

1ll , Xi2

)︂
× λ4(a1) exp(lα1 +X ′

i2α2)

(B.4a)

for a1 ≤ s, and

P (𝒵◦
i (s

−) ∈ 𝒞az
0k | Zi(0), Xi2)×

P
(︁
𝒵◦

i (a
−
1 ) ∈ 𝒞az

0l | 𝒵◦
i (s

−) ∈ 𝒞az
0k , Xi2

)︁
× λ4(a1) exp(lα1 +X ′

i2α2)

(B.4b)

for a1 > s. Moreover, we can write E{R(0)
i (s;ψ) |

Zi(0), Xi2} as

1∑︂
l=0

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,X◦
i1(ai1) = l | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

=

1∑︂
l=0

1∑︂
k=0

exp(ψ1l + ψ′
2Xi2)×

∫︂ τ

0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = l,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

=
1∑︂

l=0

1∑︂
k=0

exp(ψ1l + ψ′
2Xi2)×

∫︂ τ

0

P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = l,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

and E
{︂
R

(1)
i1 (s;ψ) | Zi(0), Xi2

}︂
as

1∑︂
k=0

exp(ψ1 + ψ′
2Xi2)×

∫︂ τ

0

P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = 1,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1 ,
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where P (Zi(s
−) = k,Ai(a

−
1 ) = 0, Zi(a

−
1 ) = l, dAi(a1) = 1 |

Zi(0), Xi2) can be obtained from (B.4a) and (B.4b).

B.4 Assaying the First Sample;
Left-Truncation

We still have X◦
i1 = X◦

i1(ai1) = Xi1(ai1). The left trun-
cation time Li is now the first visit time, i.e., Li = ai1, and
we have Ȳi(s) = Yi(s)Y

†
i (s)Y

L
i (s) under this strategy. Note

E{R(0)
i (s) | Zi(0), Xi2} equals to

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

s ≥ ai1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1,

Ai(s) ≥ 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1 | Zi(0), Xi2

)︁

which is calculated in (B.1), and E{R(1)
i1 (s) | Zi(0), Xi2} can

be written as

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k, dNi2(s) = 1, X◦
i1(ai1) = 1,

Ai(s) ≥ 1 | Zi(0), Xi2

)︁
=

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k, dNi2(s) = 1,

X◦
i1(ai1) = 1 | Zi(0), Xi2

)︁
,

which can be obtained by (B.3). E{R(0)
i (s;ψ) | Zi(0), Xi2}

can be written as

1∑︂
l=0

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,X◦
i1(ai1) = l,

Ai(s) ≥ 1 | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

=
1∑︂

l=0

1∑︂
k=0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k,

X◦
i1(ai1) = l | Zi(0), Xi2

)︁
exp(ψ1l + ψ′

2Xi2)

=

1∑︂
l=0

1∑︂
k=0

exp(ψ1l + ψ′
2Xi2)×

∫︂ s

0

P
(︁
Ai(s

−) ≥ 1, Zi(s
−) = k,Ai(a

−
1 ) = 0, Zi(a

−
1 ) = l,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

=

1∑︂
l=0

1∑︂
k=0

exp(ψ1l + ψ′
2Xi2)×

∫︂ s

0

P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = l,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1

and E{R(1)
i1 (s;ψ) | Zi(0), Xi2} is calculated as

1∑︂
k=0

P
(︁
Ai(τ) ≥ 1, Zi(s

−) = k,X◦
i1(ai1) = 1,

Ai(s) ≥ 1 | Zi(0), Xi2

)︁
exp(ψ1 + ψ′

2Xi2)

=

1∑︂
k=0

exp(ψ1 + ψ′
2Xi2)×

∫︂ s

0

P
(︁
Zi(s

−) = k,Ai(a
−
1 ) = 0, Zi(a

−
1 ) = 1,

dAi(a1) = 1 | Zi(0), Xi2

)︁
da1 .

Similarly we can calculate P (Zi(s
−) = k,Ai(a

−
1 ) =

0, Zi(a
−
1 ) = l, dAi(a1) = 1 | Zi(0), Xi2) via (B.4a) and

(B.4b).
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