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Estimating Nonlinear Exposure and Event Time Association in the
Presence of Exposure Measurement Error
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Abstract

Estimating nonlinear exposure effects in Cox regression models is essential for accurately characterizing exposure—
disease relationships, yet the presence of measurement error in exposures poses major challenges. While regression cali-
bration has been widely applied under rare disease assumptions with linear exposure effects, recent work has extended the
approach to accommodate quadratic and quantile effects. We generalize this framework to handle arbitrary polynomial
and spline-based representations of the exposure effect, thereby enabling flexible modelling of complex nonlinear associa-
tions. Our method combines regression calibration with Monte Carlo integration to evaluate the conditional expectation
of the hazard function when analytical solutions are unavailable. Furthermore, by stacking the estimating functions from
both the Cox regression and measurement error models, we construct a sandwich variance estimator that avoids com-
putationally intensive bootstrap procedures. To facilitate practical use, we implement our approach in the R package
NonLinearRC.

KEYWORDS AND PHRASES: Cox regression, Measurement error, Monte Carlo approximation, Nonlinear effect, Regression

calibration, Sandwich variance estimator.

1. INTRODUCTION

Estimating the effect of a continuous exposure on disease
risk is central to understanding disease etiology and guiding
prevention strategies. When the outcome of interest is time
to disease onset, Cox’s proportional hazards model is a
widely used tool for characterizing the relationship between
exposure and risk. However, the association between the
exposure and the outcome may be complex and nonlinear,
making a single regression coefficient insufficient to fully
capture the nature of the relationship. To address this,
researchers have incorporated nonlinear effects into the
Cox model by including higher-order polynomial terms for
the exposure, or by representing the exposure using linear
combinations of either spline basis functions or indicator
variables corresponding to exposure percentiles [15, 5].
Conventional partial likelihood methods can be applied to
fit Cox regression models when a random sample of indi-
viduals is available with observations on the time-to-event
outcome (subject to right censoring) and the exposure
of interest. In many practical settings, however, the true
exposure is unobserved, and only an error-prone surrogate
is available. An example arises in nutritional epidemiology,
where traditional dietary exposure measures based on
self-reported intake are often subject to both random error
and systematic bias [5]. It is well established that naively
ignoring measurement error can lead to attenuation of
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effect estimates and, consequently, bias the assessment of
the true exposure—disease relationship [2, 21].

In settings where disease onset is rare, regression calibra-
tion is a widely used method for correcting covariate mea-
surement error in Cox regression models [12]. The method
replaces the original Cox model with its conditional ex-
pectation given the observed covariate, and the parameters
of interest are parameterized by the induced hazard func-
tion. In nutritional epidemiology, objective biomarkers, of-
ten conceptualized as true dietary intake plus random mea-
surement error, have commonly been used to calibrate self-
reported intake for subsequent diet—disease association anal-
yses [13, 6, 7]. Under a Cox model with only a linear term for
the exposure, the induced hazard function has an analytical
form, which makes its implementation compatible with stan-
dard statistical software. Recently, [5] developed a regres-
sion calibration approach for Cox models that incorporate
either exposure quantiles or a quadratic exposure term and
applied it to the Women’s Health Initiative Dietary Mod-
ification Trial [18]. Using biomarker data to calibrate self-
reported sodium and potassium intake, they examined the
associations of these exposures with cardiovascular disease
(CVD) risk to assess potential departures from linearity.
Their work provides a natural epidemiologic setting in which
more flexible nonlinear modelling is scientifically relevant.
The goal of the present paper is to extend that framework
beyond prespecified nonlinear terms to a broader class of
exposure-response models, including arbitrary polynomial
and spline-based representations. Accordingly, we focus on
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methodological development and controlled numerical stud-
ies, which allow the operating characteristics of the proposed
method to be evaluated systematically across a wider range
of nonlinear settings. The added flexibility of our proposed
modelling enables researchers to capture complex nonlin-
ear associations between the exposure and event time, while
maintaining compatibility with standard tools for model as-
sessment and variable selection. Moreover, by stacking the
estimating functions for both the Cox regression parame-
ters and the parameters of the measurement error model,
we derive a variance estimator for the regression parame-
ters following the approach of [9]. This eliminates the need
for computationally intensive bootstrap procedures, such as
those used in [5]. The main challenge lies in evaluating the
conditional expectation of the hazard function, which de-
fines the induced hazard. While [5] obtained a closed-form
expression under a quadratic effect and approximated the
expression for quantile effects with a Taylor series approx-
imation, these strategies do not generalize to broader set-
tings. However, because the conditional distribution of the
exposure given the observed covariates is specified, the ex-
pectation can naturally be approximated using Monte Carlo
integration. Since standard survival analysis software cannot
accommodate this generalized setting, we have developed an
R package, NonLinearRC, to facilitate implementation and
overcome this barrier.

The remainder of the article is organized as follows. Sec-
tion 2 introduces the notation and modelling framework.
Section 3 outlines our proposed method, which generalizes
regression calibration to accommodate nonlinear exposure
effects, and describes the corresponding variance estimator.
In Section 4, we evaluate the finite-sample performance of
the proposed procedure through a simulation study. In Sec-
tion 5, we provide a tutorial on utilizing our R package
NonLinearRC to apply our proposed estimation procedure
outlined in Section 3. Concluding remarks are provided in
Section 6.

2. METHODOLOGICAL FRAMEWORK
2.1 Notation

Let Z € R denote the true exposure variable of inter-
est. Our primary objective is to evaluate the association be-
tween Z and the time to disease onset, denoted by T. In
our random sample, referred to as the analysis cohort, the
primary statistical challenges arise from right-censoring of
T and the presence of measurement error in Z. Specifically,
we observe an error-prone surrogate Q) in place of Z, sub-
ject to both systematic and random error. In addition, we
collect baseline covariates V = (X', R’)’, where X includes
potential confounders of the exposure—outcome relationship,
and R comprises variables that influence the measurement
error mechanism, i.e., the relationship between @ and Z. To
correct for measurement error in Z, we incorporate a cali-
bration dataset comprising participants drawn either from

the analysis cohort or from an external study. For each par-
ticipant in the calibration sample, we observe @@, V', and an
objective biomarker W, which represents the true value of
Z plus random noise. Furthermore, replicate measurements
of W are available for a subset of participants in the cali-
bration dataset and are used to estimate the measurement
error variance in W.

Overall, the observed data can be partitioned into three
components:

D, = {(Uﬂ(s’qua ‘/1,) RS 11}7
Dy = {(Wll,Qza‘/z) 11 € IQ},
Ds = {(Wﬂ, ey Wi,»,,”) NS 1-3},

where U; = min{T;, C;}, §; = I(T; < C;), C; denotes a non-
informative censoring time for the event of interest. The sets
Z; (j = 1,2, 3) index participants in the analysis cohort, the
calibration dataset, and the replicate dataset respectively,
and m; denotes the number of replicate measurements avail-
able for participant ¢ € Z35. We use D; to estimate the as-
sociation between T and Z, and employ Dy U D3 to correct
for the measurement error in Q.

2.2 Measurement Error Modelling

Adapted from [10], we assume that the observed exposure
Q follows a measurement error model subject to systematic
bias influenced by subject-specific characteristics V':

Qi =ao+a1Z; +ayV; + ¢, (2.1)

where &; N(0,02) and ¢; 1L {Z;, V;} for all i. We addi-

€
tionally suppose that the biomarker W adheres to a classical

measurement error model:

Wij = Zi + eijs (2:2)

where e;; iiNdj\/'(O,Ug), and e;; 1L {Z;,V;,¢;} for all 5.
2.3 Hazard Modelling

To investigate the association between T" and Z, we spec-
ify the following hazard regression model:

1
= lim —Pt<T;<t+AtT; >1,7Z;,Q:, Vi)

At—0+ At
= \t; Zi, Qi X5)
= A(t; Zi, X;) (2.3)
= Xo(t) exp{9(Zi; B) + vx X}, (2.4)

where (2.3) follows upon assuming the measurement error
in (2.1) is nondifferential (i.e., T; AL Q;|Z;) [2, 21]. Here,
Ao(t) denotes an unspecified baseline hazard function, and
g(Z;B) is a known function of Z parameterized by 3. This
formulation allows for a potentially nonlinear effect of Z



Estimating Nonlinear Exposure and Event Time Association in the Presence of Exposure Measurement Error 3

on the hazard for T', with @ characterizing the strength and
form of this association. Common choices for g(Z; 3) include
a degree-p polynomial, or a linear combination of spline basis
functions with percentile-based knots [3].

Our objective can thus be formulated as the statistical
problem of estimating the regression parameters 3 and vyx,
along with the baseline hazard function Ao(-), using the
available data D1 U Dy U Ds.

3. NONLINEAR REGRESSION
CALIBRATION

3.1 Nuisance Parameter Estimation

Suppose we are willing to specify Z;|V; . N(u(V;), S?),
where 1(V;) is a known function of V; and S? is not a func-
tion of V; our modelling can be extended to relax this latter
assumption. It then follows from (2.1) that Z;|{Q;, Vi} i
N(ao + a1Q; + a,V;, 0%), where

CL152
o = o,
! a?S? + o2
Qo = —ao,
ablV = u(V)—aia (V) — a1abV,
2 _ 52‘7?
a?S? + o2’

Since ag, a1, and ag are unknown, we proceed to estimate
them with data Dy UD3. Given that e;; in (2.2) is assumed
to be normally distributed and independent of {Z;, Vi, ¢e;;},
it follows that

Wii{Qs, Vi} i’i‘(*j/\/(oéo +a1Q; + ayV;, 0% + o2).

(3.1)
This formulation suggests that the parameters aq, oy, as,
and (02 +02) can be estimated by fitting a linear regression
model with data Dy, in which Wj; is specified as the response
variable, and @); and V; are predictors. Let &g, &1, agi\dg
denote the estimated regression coefficients, and let o2 + o2
represent the estimated residual variance from this model.
To separately estimate o2, we utilize replicate biomarker
measurements in D3 to obtain the following estimator

1 1 my B
~2 2
= — E E Wi — W),
Te ny ~ m; —1 4 (W5 )
i€l3 j=1

_ ms
where W; = > W;j/m; is the within-subject average, and
j=1
ns is the number of participants in Zs. An estimator for o2
2 2

—_—
is then obtained as 6% = 02 4+ 02 — 67.

3.2 Hazard Regression Estimation

Since Z is unobserved, we cannot directly evaluate the
hazard function in (2.4). Instead, we consider the following

induced hazard function based on the observed data in D;:

where A(t; Z;, V;) is shown in (2.4). Evaluation of (3.2) re-
quires specifying Z;|{T; > t,Q;, Vi}, which is generally un-
known and difficult to model. However, under the rare dis-
ease assumption, where the probability of survival up to time
t satisfies P(T; > t|Z;,V;) ~ 1 for time points of practical
interest, we can approximate the conditional distribution
using Bayes’ Theorem: dF(z|T; > t,Q;, V;) = dF (z|Q;, V;).
Substituting this into (3.2), the induced hazard can be ap-
proximated as

)‘(t7 Qia ‘/z) ~ AO(t) exp{’kal}H(ﬂa Qia ‘/27 0)7

where H(3,Q;,V;;0) = Ez(exp{g(Z;8)}|Qi, Vi), with the
expectation taken with respect to the conditional distribu-
tion Fz(z|Q;, Vi;0), and 0 denotes the parameters govern-
ing this distribution. Under our modelling and parametric
assumptions thus far, we have that Fz(z|Q;, V;; 0) is Gaus-
sian with expectation shown in (3.1) and variance o2.

For fixed 8, we propose to estimate 3 and «x by solving
the following system of estimating equations:

(‘Df(ﬂ,'yx;@)) o,

(3.3)

®(B.vx:6) = - >

Y .
ieT, (I)i (ﬁ77X70)
where
dH(B3,Q:,Vi;0)/08
B . —_ 5.
<1>i<ﬂ,vx,9)—5z< o
S, B, X3 0)
S (U;, B,7vx;0)
‘b’y 0 :52 Xi, 7 ARadi) !
(Pt ( SO0, 8,7x:0) )
with
SOt B8,vx,0) = Y Yi(t) exp{vx X} H(B, Qi, Vi; 0),
1€Ty
S (1:8vx,0) = Y Vil expln Xy P 20,
1€Zq
SM(E:8,7x,0) = Y Yi(t) exp{vx X:}H (B, Qs, Vi; 0) X,
i€y

Yi(t) = I(U; > t), and ny denotes the number of participants
in Il .

Since @ is unknown in practice, we replace it with an
estimate, 6 (see Section 3.1), and obtain B and Yx as the
solution to <I>(,6'7'yx;é) = 0. The approach to evaluating
H(B,Q,V;0) depends on the specific form of ¢g(Z; 3). For
example, if g(Z; 8) = BZ, then H(B3,Q, V;0) = exp{f(ap+
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a1Q + abV) + 3202 /2}, which follows from the moment-
generating function of the normal distribution. In the case
where g(Z;8) = 81Z + 222, [5] show that H(3,Q,V;8) is

1 (0 +1Q + ahV)?

1
V1 — 28502 exp{—§( o2
(B1+ (0 + 1 Q + ab V) /o?)?

B 1/0’2—262 )}

This leads to the approximation of the induced hazard in
(3.3) as

A(>§(ﬁ7 Bl,ﬁ2,0'2)
X GXP{/SH(CYO + Qi + o, V)
+ Ba(ap + 1Q; + b Vi) + 45 X},

where
1 o? B}
N\ (t; B1, B, 02) = Ao(t) ——— ex _71’
O( 51, B2 ) 0()@ p{2 172ﬂ202}
= B _
ﬁk*1_2ﬂ202 k71’2

One can then estimate (B and Aj(t) = fot A§(u)du using
the maximum partial likelihood estimator and the Breslow
estimator, respectively, and subsequently estimate (5, and
Ao(+) by inverting the relationships shown above. In general,
H(B,Q,V;0) does not have a closed-form expression when
9(Z; B) is a degree-p polynomial with p > 2, or a linear com-
bination of basis functions. However, since the conditional
distribution of Z|{Q, V'} can be deduced and estimated us-
ing the data Dy U D3, we approximate H(-) using Monte
Carlo integration:

C
H(B,Qu,Vis0) = & Y explo(Zi B),
c=1

where Z;.|{Q;, V;} i N(ag + a1Q; + ahV;,0?), and C is
sufficiently large. Once 0 is estimated by 0, we can gener-
ate samples {Z;.}¢_, for all i € Z;. In practice, the Monte
Carlo size C should be chosen large enough that the result-
ing estimates are numerically stable. A practical strategy is
to begin with a moderate value of C' and increase it until
the parameter estimates change negligibly. In our experi-
ence, C' = 1000 provided a reasonable starting value in the
examples considered here, although the required value may
vary depending on the complexity of g(-) and the underlying
measurement error model.

Remark 1. The proposed approach requires specification
of the conditional distribution Z|{Q, V'}. In the present pa-
per, we assume this distribution is Gaussian because it yields
tractable conditional moments for Taylor approximation
and allows straightforward sampling for Monte Carlo ap-
proximation. The approximation strategies themselves are

not conceptually restricted to the Gaussian setting; more
generally, alternative measurement error models could be
accommodated provided they permit valid estimation, ap-
proximation, or sampling from Z|{Q,V}.

Remark 2. As an alternative to the Monte Carlo ap-
proximation for H(3,Q;, V;;0), one can apply a second-
order Taylor series expansion of exp{g(Z;3)} around Z =
ag +a1Q; + OL/Q‘/Z to obtain

H(B,Qi, Vi;0) = exp{g(ao + a1Qi + a3 Vi; B)}
2 g2
o” d
+ 5 exp{9(Z; B)} .
Z=ap+a1Qi+alV;
In Section 4, we compare the resulting estimators of
(B',7%)’ obtained using both first- and second-order Tay-
lor series approximations to those derived via the proposed
Monte Carlo approximation.

3.3 Baseline Hazard and Survival Probability
Estimation

By treating Ao(:) as a piecewise constant function be-
tween uncensored failure times, dAg(t) = MNo(t)dt be-
comes a finite-dimensional parameter. Then, for fixed 2 =
(B',9%,0"), the following expression defines an unbiased es-
timating equation for dAg(¢) under the model in (2.4) and
the rare disease assumption:

D Yi(0)[ANi(t) — exp{vx X }H(B, Qi, Vi; 0)dAo (1)) = 0,
i€y

where N;(t) = I(T; < t) is the counting process for partici-
pant 4, and Y;(t) = I(U; > t) denotes the at-risk indicator.
Solving the estimating equation above for dAg(t) yields the
following estimator:

dAO(tv ﬁ7 YX, 0)

:ZZ

€Ty JET,

Yi(t)dNy(t)
Y}(t) exp{’)/S(Xj}H(ﬁa lev ‘/j; 0) .

The corresponding estimator for the cumulative base-
line hazard function, Ag(t) = fot dAo(u), is given by
Ao(t: 8,9x0) = [§ dAo(t: B,4x.0)-

We can thus estimate the survival probability at time ¢
for a subject with exposure Z = z and covariates X = «
using

= exp{—Ao(t, 3,4x:8) exp{g(z; B) + Yxx}}.

3.4 Asymptotics and Variance Estimation

Let 2 = (8',v%,0’)" denote the full parameter vector,
and let Q@ = (8',9%,60’) denote its estimator that solves
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the estimating equation

o7 (8,7x;0)
r(Q) = o} (B,vx:0) | =0,
1€ET1UZUTs ‘111(0)
where ¥(0) = > ¥,;(0) is the estimating function for

1€ToUTLg
the nuisance parameter 6, as defined in Appendix A. We
define each @f(,@,'yX;O) =0 and ®](8,vx;0) =0 for i ¢
7, and all ©, and similarly, ¥,;(0) = 0 for ¢ ¢ Zo UZ3 and
all 6.

Using results for M-estimators and arguments in Section
2.3 of [1], we have that Q & Q* as m — oo, where m =
min{ny, ne,n3}, and Q* is the solution to E(I'(2)) = 0.
Define the empirical derivative matrix

AQ)= > i,ri(ﬂ)ﬁA(n)

1€T1UZUZy

as m — oo, where A(Q2) = OE(T'(§2))/0€Y is assumed to be
negative definite. Let €y denote the true parameter value.
Then under correct model specification, the consistency of
Q depends on the approximation used for H(3, Q;, V;; 0):

¢« Monte Carlo Approach: If we apply a Monte Carlo
approximation to H(-), then Q* = Qg provided the rare
disease assumption holds.

¢ Second Order Taylor Series Approach: If a second-
order Taylor approximation is used, then Q* = g pro-
vided the rare disease assumption holds and the higher-
order terms of the Taylor Series expansion are negligi-
ble.

Following [9], the estimating function can be expressed as
I';(Q) =T;(Q) + 0p(1), where

%" (B,vx;6)
T} () = (3 (8,vx:0) | »
w,(0)

7% (8,vx; 6)
- [~ OH(B,Q: Vi0) 35 (LB1xi0)\ o
~Jo B O(t,8,vx;0) |

/00 Yi(t) exp{vx X} H(B, Qs, Vi; 0)
5(0) t B7‘YX; )

(aH(ﬁ,Qi,Vi;e) st (t,ﬁ,vx;m)d )

oB sO)(t, B,vx;0)

o (1)
~yx . _ o Sy (t7B77X70) .
7 (Byxi0) = [ (Xl gl av

_/OO Yi(t) exp{vx X }H (B, Qs, Vi; 0)
0 S(O)(t ﬁ7‘7Xa )
:

st B, vx;0)
8(0) (tv ﬁa YX5 0) =

SO0 (6, B 9)> AN,

with

E(S(t, B,7x39)),

s§)(t, B,7x:0) = E(SS(t, 8,7x:0)),
s (t, B,vx;0) = B(S)(t, B,7x;8)),

and N(t) = > N;(t). Under standard counting process ar-
1€Zy

guments, these terms behave as approximately independent
across individuals, which allows the application of the Cen-

tral Limit Theorem to conclude:
V(2 — Q) S N (0, V(R)),

H2)B(Q)(AH(Q)), and B(Q) =
). The regularity conditions required for consis-

where V() = A~
B(Tj ()%
tency and asymptotic normality of Q are provided in Ap-
pendix B. We also highlight that the asymptotic variance
derived here does not explicitly incorporate finite-C' Monte
Carlo error. Instead, when Monte Carlo integration is used
to evaluate H(-), the asymptotic theory is developed under
the condition that C' is sufficiently large that the resulting
numerical error is 0,(n~!/2), and hence negligible relative
to sampling variability.

To estimate V (£2*), we use the plug-in estimator V (€2) =
AT () B(Q)(A (D).
is given by

The empirical counterpart B ()

L7 (92)%2,

B)= )
1€L1UZoUZs
where I'# () is similar to T'#(€2), but replaces @?*(,6, vx;0),

and ®]*(8,7x;0) with 7"(8,7x:6), ]"(8.7x;0), re-
spectively, and

S(l) Ul: b)
(B 6 OH(B,Q:,Vi;0)/08 S5 (Ui, B,7x; >>

‘ < ﬁ Qla‘/lve) S(O)(Ul7ﬂ 7X70)
Z ;) exp{vx Xi}H(B,Qi, Vi; 0)
SOU;, 8,7x3)

6H6 Qi,Vi;0)/08 S5 (U, B,vx;0)
ﬁ Qu‘/ue) S(O)(U]7ﬂ YX; ) ’
Y* . _ S(l)(U17IB77X70)
(I)Z (B,vx;0) = 0 (Xz — m
-y 8;Yi(U;) exp{vx Xi} H(B,Q:, Vi; 0)
= S©O(U;, B,vx;0)

y (Xi_ Sﬁ”(Uj,mx;e)) ‘

S©O(U;, B,7x30)

That is, ®7* and ®)* replaces s (t, 8, vx;0) and E(N(t))
with their empirical estimators. By applying the law of large
numbers and properties of the empirical distribution func-
tion, we have A(2) & A(Q*) and B(Q) & B(Q*) as
m — oo, and implies that V (€2) & V(Q*) as m — co.

A (1 — &) x 100% pointwise confidence band for the es-
timated survival probability P(T > t|z,a;€2) can be con-
structed using the approach of [11] as follows:

85;Yi(U
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1. Generate fll,...,QM for M > 1, where each Qm ~

N(Q,V(Q)).

2. For each draw m, compute the survival probability
P(T > t|z,2; )

3. Construct the lower and upper bounds of the confidence
band by taking the empirical £/2 and 1 —£/2 quantiles
of the set {P(T > t|z,@;Q,,) :m=1,...,M}.

4. NUMERICAL STUDY

We conducted simulation studies to evaluate the perfor-
mance of the proposed generalized regression calibration
approach outlined in Section 3, and to assess its perfor-
mance when we approximated Ez(exp{g(Z;8)}|Q:, Vi) in
(3.3) with a Taylor series approximation. The numerical
study parameters were chosen to mimic the numerical study
parameter specifications in [5].

We generated the true exposure Z and covariate V = X
from a standard bivariate normal distribution with correla-
tion 0.2. The noisy exposure variable ) was generated ac-
cording to (2.1) with parameters (ag, a1, ab) = (0,0.8, —0.8)’
and measurement error variance o2 = 1. The observed
biomarker W was generated under (2.2) with measurement
error variance o2 = 0.25. The analysis cohort sample size
was set to N1 = |Z;| = 10000, which measures @, V', and an
event time subject to random right-censoring. The censor-
ing variable was generated from an exponential distribution
with rate parameter 0.2; the generation of event times is
described in the following paragraph. The calibration sam-
ple size was set to No = |Zp| = 500, which measures W,
@, and V. To evaluate the proposed method in which the
analysis and calibration cohorts share units, we considered
three settings in which proportion of units in Z; also belong
to Zy: 0%, 50%, and 100%. When generating the calibration
sample, we generated m; = 2 replicate measurements of the
observed biomarker, and randomly selected 20% of subjects
to compose the replicate dataset, so that N3 = |Zs| = 100.

The event time of interest T' was generated under the
hazard function shown in (2.4), where Ao(t) = Ao €
{0.02,0.04,0.08}, and vx = 0.1. The purpose of considering
different values of \g is to assess the performance of the pro-
posed estimator across different event-rate settings, partic-
ularly as the rare-disease assumption becomes increasingly
questionable. We considered the following three settings for

9(Z; B):

o Setting 1: g(Z;8) = 512 + 2% with B = (81, B2) =
(~0.2,0.05)".

o Setting 2: ¢(Z;8) = B1Z + 2% + 3373 with B =
(81, B2, B3) = (—0.2,0.05,0.02).

o Setting 3: ¢(Z;8) = 51 Z/V1+ Z? with B = 5, =0.2.

The results were derived from 1000 Monte Carlo simulations.

4.1 Results for Quadratic Effects on the
Hazard Function

For the setting with g(Z; 8) = 81 Z + 222, our objective
is to estimate 3 and vx under (2.4) with data D; UDy UDs.
We considered the following estimators:

o Ideal: Estimate 8 and vx under (2.4) with Z observed
and g(Z; 3) correctly specified.

o Naive: Estimate 8 and yx under (2.4) with @ replacing
Z and g(Z; 3) correctly specified.

e Linear Regression Calibration: Estimate 3 and vx
under (3.3) with ¢(Z;8) = 1 Z. That is, B is (incor-
rectly) estimated with 0 for all data replicates.

¢ Quadratic Regression Calibration: Estimate 8 and
vx under (3.3) with g(Z; 8) = p1Z + B2 Z2.

e Cubic Regression Calibration: Estimate 3 and yx
under (3.3) with g(Z; 8) = B1Z + 222 + 322, where
we applied a Monte Carlo approximation with C' = 1000
generated samples.

Table 1 summarizes results across simulated datasets by re-
porting (i) the average bias, (ii) the empirical standard error,
(iii) the median of the estimated standard error (see Section
3.4), and (iv) the coverage probability under a Wald 95%
confidence interval.

As expected, the ideal estimator exhibited negligible bias
and close-to-nominal coverage across all settings. In con-
trast, the naive estimator showed substantial bias and poor
coverage for the exposure-effect parameters. Among the
practical competitors, the quadratic regression calibration
estimator performed best overall, with small bias and cov-
erage probabilities generally close to the nominal 95% level
across the different event-rate and overlap settings. These
results are consistent with those reported in [5]. The cu-
bic regression calibration estimator also performed well, al-
though it showed slightly larger bias and mild undercov-
erage in some settings, likely reflecting the use of a more
flexible model than necessary when the true exposure ef-
fect is quadratic. As expected, linear regression calibration
was more sensitive to model misspecification, since it omits
the quadratic term in ¢g(Z;3). A notable finding is that
the performance of the regression calibration estimators re-
mained relatively stable as the event rate increased. In par-
ticular, the quadratic and cubic regression calibration esti-
mators continued to show good finite-sample performance
even when the event rate approached 30%, suggesting that
the proposed approach remains effective in settings where
the rare-disease assumption is less tenable. In addition, per-
formance was broadly similar across the three overlap set-
tings, indicating that the estimator is robust to whether the
calibration sample is external, partially internal, or fully in-
ternal to the analysis cohort.
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Table 1. Summary of estimated parameters under 1000 data replicates where the event time was generated under
9(Z;B) = B1Z + B2Z2. Results are separated based on (i) the analysis and calibration dataset overlap proportion:

|Z: N Zs|/|Z2| € {0%,50%,100%}, and (ii) the baseline hazard parameter specification: Ao € {0.2,0.4,0.8}.

Average Event Rate ~ 9.7% (Ao = 0.2)

Analysis and Calibration Dataset Overlap Proportion: |71 N Zz|/|Z2| = 0%
Average Event Rate ~ 17.6% (Ao = 0.4)

Average Event Rate ~ 29.8% (Ao = 0.8)

Method S B2 Bs vx B1 B2 B3 vx 51 B2 Bs X
Bias x 100 Ideal -0.271  -0.093 - -0.087 -0.160  -0.025 - -0.087 -0.025 0.028 - -0.034
Naive 9.771 -4.525 - -11.120 9.996 -4.491 - -10.910 10.295 -4.503 - -10.558
LRC -1.832 - - -0.108 -1.390 - - -0.149 -0.694 - - -0.146
QRC -0.131  -0.638 - -0.107 0.280 -0.390 - -0.146 0.836 -0.400 - -0.143
CRC -0.707 -1.806 0.043 -0.115 -0.220 -1.222  0.066 -0.155 0.443 -0.916  0.072 -0.152
" Empirical SE- Ideal ~  0.032° 0.021 - 0033 0.025  0.016 - 0025 0.018 ~ 0.012 - = 0019
Naive 0.026  0.011 - 0.037 0.019 0.008 - 0.027 0.015 0.007 - 0.021
LRC 0.056 - - 0.036 0.044 - - 0.028 0.035 - - 0.022
QRC 0.055  0.051 - 0.036 0.042 0.037 - 0.028 0.033 0.030 - 0.022
CRC 0.116  0.056  0.034 0.036 0.100 0.042  0.029 0.028 0.083 0.033  0.024 0.022
" Median Estimated SE Ideal ~  0.032  0.021 -~ 0.033 0.024  70.016 - 0024 0.018 ~ 0.012° -~ "0.019
Naive 0.025 0.011 - 0.036 0.019 0.008 - 0.027 0.015 0.006 - 0.021
LRC 0.056 - - 0.035 0.042 - - 0.027 0.034 - - 0.021
QRC 0.054  0.048 - 0.035 0.040 0.036 - 0.027 0.032 0.028 - 0.021
CRC 0.104 0.054  0.028 0.035 0.087 0.041  0.025 0.027 0.074 0.031  0.021 0.021
" Coverage Probability ~ Ideal ~ 947 ~ 952 - 954 943" 7950 - 950 955 950 - 959
Naive 3.7 1.1 - 13.1 < 0.1 <01 - 1.7 < 0.1 <01 - 0.2
LRC 93.3 - - 94.0 93.2 - - 94.6 93.9 - - 94.6
QRC 94.2 93.3 - 93.5 93.3 93.6 - 94.2 92.5 93.7 - 94.6
CRC 91.8 92.8 89.5 94.3 91.1 93.1 90.6 94.5 91.9 92.2 90.9 94.7
Analysis and Calibration Dataset Overlap Proportion: |Z1 N Zz|/|Z2| = 50%
Average Event Rate ~ 9.7% (Mo = 0.2)  Average Event Rate ~ 17.6% (Ao = 0.4)  Average Event Rate ~ 29.8% (Ao = 0.8)
Method  f; B B3 Tx 1 B2 B3 x =i B2 Bs rx
Bias x 100 Ideal -0.265 -0.075 - -0.082 -0.172  -0.006 - -0.057 -0.021  0.024 - -0.037
Naive 9.763  -4.507 - -11.131 10.000 -4.492 - -10.886 10.301 -4.502 - -10.556
LRC -1.870 - - -0.080 -1.359 - - -0.100 -0.685 - - -0.123
QRC -0.163  -0.597 - -0.079 0.296 -0.440 - -0.098 0.844 -0.428 - -0.120
CRC -0.710  -1.772  0.038 -0.088 -0.210 -1.254 0.068 -0.107 -0.938 0.073 -0.129
" Empirical SE- T Ideal ~  0.032° 0.021 - ~ 0.033 0.025 0015 -~ 0025 0018 0012 -~ 0018
Naive 0.025 0.011 - 0.037 0.019 0.008 - 0.027 0.007 - 0.021
LRC 0.056 - - 0.036 0.043 - - 0.027 - - 0.022
QRC 0.055  0.050 - 0.036 0.042 0.037 - 0.027 0.029 - 0.022
CRC 0.117  0.056  0.034 0.036 0.099 0.041  0.029 0.027 0.033  0.024 0.022
" Median Estimated SE Ideal ~ ~ 0.032  0.021 -~ 0.033 0.024 0016 -~ 0024 0018 0012 -~ 0019
Naive 0.025  0.011 - 0.036 0.019 0.008 - 0.027 0.006 - 0.021
LRC 0.056 - - 0.035 0.043 - - 0.027 NA - 0.021
QRC 0.054 0.048 - 0.035 0.040 0.036 - 0.027 0.028 - 0.021
CRC 0.104  0.054 0.028 0.035 0.087 0.040  0.024 0.027 0.031  0.021  0.021
" Coverage Probability ~ Ideal ~ 949 ~ 952 - 950 9427 7 952 -7 949 T 7955 T 950 - 959
Naive 3.4 1.3 - 13.5 <0.1 <01 - 1.7 <01 - 0.2
LRC 93.2 - - 94.5 93.2 - - 94.4 - - 94.6
QRC 94.0 93.7 - 94.2 93.6 94.1 - 94.2 93.6 - 94.5
CRC 92.2 92.9 89.1 94.8 92.3 93.0 90.2 94.3 92.4 90.9 94.6
Analysis and Calibration Dataset Overlap Proportion: |Z1 N Zy|/|Z2| = 100%
Average Event Rate ~ 9.7% (Ao = 0.2)  Average Event Rate =~ 17.6% (Ao = 0.4) Average Event Rate ~ 29.8% (Ao = 0.8)
Method S B2 B3 Ix b1 B2 B3 X B B2 Bs Ix
Bias x 100 Ideal -0.309 -0.080 - -0.108 -0.173  -0.025 - -0.066 -0.029  0.029 - -0.018
Naive 9.739  -4.510 - -11.178 9.983 -4.493 - -10.901 10.311  -4.502 - -10.533
LRC -1.929 - - -0.055 -1.411 - - -0.047 -0.680 - - -0.064
QRC -0.236  -0.620 - -0.054 0.245 -0.456 - -0.046 0.850 -0.430 - -0.060
CRC -0.915  -1.797 0.08 -0.064 -0.193  -1.298 0.045 -0.055 0.466 -0.944  0.066 -0.070
"Empirical SE- ~ T Ideal ~  0.032° 0.021 - 0034 0.025  0.015 - 0025 0.018 ~ 0012 -~ "0.019
Naive 0.026  0.011 - 0.038 0.019 0.008 - 0.027 0.015 0.007 - 0.021
LRC 0.057 - - 0.037 0.043 - - 0.027 0.035 - - 0.021
QRC 0.057  0.050 - 0.037 0.043 0.037 - 0.028 0.034 0.030 - 0.021
CRC 0.119  0.057 0.034 0.037 0.101 0.043  0.029 0.027 0.083 0.033  0.024 0.021
" Median Estimated SE Ideal ~ ~ 0.032  0.021 -~ 0.033 0.024 0016 - 0024 0.018 ~ 0012 - = 0019
Naive 0.025  0.011 - 0.036 0.019 0.008 - 0.027 0.015 0.006 - 0.021
LRC 0.056 - - 0.035 0.043 - - 0.027 0.034 - - 0.021
QRC 0.054 0.048 - 0.035 0.040 0.036 - 0.027 0.032 0.028 - 0.021
CRC 0.104  0.054 0.028 0.035 0.087 0.040  0.024 0.027 0.074 0.031  0.021  0.021
" Coverage Probability  Ideal 950 = 951 - 948 941~ 953 - 047 T 954 952 - 958
Naive 3.8 1.2 - 13.0 <0.1 <01 - 1.7 <0.1 <01 - 0.2
LRC 93.4 - - 93.9 93.6 - - 94.7 94.1 - - 95.1
QRC 93.5 93.4 - 93.5 93.3 94.2 - 94.6 91.7 93.8 - 95.1
CRC 91.8 92.8 89.8 93.9 91.1 93.3 90.2 94.6 92.1 91.7 91.2 95.1

Abbreviations: Ave.: Average; CRC: Cubic Regression Calibration; LRC: Linear Regression Calibration; QRC: Quadratic Regression

Calibration; SE: Standard error.
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4.2 Results for Cubic Effects on the Hazard
Function

For the setting with ¢(Z;8) = p1Z + 222 + B3Z3, our
objective is to estimate 3 and ~vx under (2.4) with data
Dy U Dy U Ds. In addition to the estimators considered in
Section 4.1, we considered

« FOTSE: Estimate 8 and vx under (3.3) where we ap-
proximate H(8,Q;, Vi;0) = Ez(exp{g(Z;B)|Qi, Vi})
with a first-order Taylor series expansion (see Re-
mark 2 of Section 3.2).

o SOTSE: Estimate 3 and yx under (3.3) where we ap-
proximate H(83,Q;,V;;0) = Ez(exp{9(Z;3)|Q:, Vi})
with a second-order Taylor series expansion (see Re-
mark 2 of Section 3.2).

Table 2 summarizes the resulting parameter estimates. The
ideal estimator again displayed negligible bias and coverage
probabilities close to the nominal level, while the naive es-
timator performed poorly due to uncorrected measurement
error. More importantly, Table 2 highlights the advantage
of using the proposed Monte Carlo-based regression calibra-
tion approach when the true exposure effect is more com-
plex. In this setting, the cubic regression calibration estima-
tor yielded substantially improved performance relative to
the first- and second-order Taylor-series approximations. Al-
though some mild undercoverage remained for certain com-
ponents of 3, the cubic regression calibration estimator gen-
erally showed smaller bias and more reliable coverage than
the Taylor-based alternatives, particularly as the event rate
increased. The deterioration of the Taylor-series approxi-
mations was especially apparent for «yx, for which coverage
fell well below the nominal 95% level, particularly at higher
event rates. This suggests that low-order Taylor approxi-
mations may be inadequate when the nonlinear exposure
effect is highly complex. By contrast, the proposed cubic re-
gression calibration estimator remained comparatively sta-
ble across the different event-rate settings, indicating that
the Monte Carlo approximation offers a more reliable strat-
egy for evaluating the induced hazard function in this set-
ting.

As in Table 1, the results were broadly stable across the
different overlap proportions. Thus, the main message of Ta-
ble 2 is not only that the proposed regression calibration ap-
proach can accommodate more complex nonlinear exposure
effects, but also that its performance is not unduly sensitive
to whether the calibration sample is fully external or shares
subjects with the analysis cohort.

4.3 Results for Non-Linear Effect on the
Hazard Function
For the setting with g(Z;8) = 51Z/v1+ Z2, we fixed
Ao = 0.02, which yielded an average uncensored event rate

of approximately 9.19% across data replicates. In this sce-
nario, our focus shifts from estimating 8 and yx to estimat-

ing the conditional survival function. For illustrative pur-
poses, we showcase the estimation of the conditional sur-
vival functions with z = z = 0, which corresponds to their
marginal expectations. To capture the nonlinear effect of
Z on the hazard function, we approximate g(Z;3) with a
Bernstein polynomial of degree 4 [17]. We then estimate
the survival function by approximating H(83,Q;,V;;0) =
Ez(exp{1Z/V1+ Z?}|Q;,V;) using three methods:

(i) a first-order Taylor series expansion, as used in Sec-
tion 4.2
(ii) a second-order Taylor series expansion, as used in Sec-
tion 4.2
(iii) the proposed Monte Carlo approximation with C' =
1000 generated samples.

Figure 1 illustrates the simulation results. While the Tay-
lor series expansions offer substantially lower computational
cost compared to Monte Carlo integration, they fail to ad-
equately approximate H(3,Q;, V;;0), as evidenced by the
noticeable bias in the resulting estimates. In contrast, the
Bernstein polynomial of degree 4 specification with a Monte
Carlo approximation successfully captures the nonlinear ef-
fect of Z. Alternative basis functions, such as B-splines or
natural cubic splines, could also be employed.

5. R PACKAGE OVERVIEW

We have developed an R package, NonLinearRC, to im-
plement regression calibration with Monte Carlo integra-
tion, as described in Section 3. The package is publicly
available on CRAN and GitHub (https://github.com/drtjt/
NonLinearRC). We proceed to demonstrate its use with a
simulated dataset.

Following the notation introduced in Section 2, we as-
sume that users have datasets Dy, D2, and D3 available,
which we will refer to as the data frames df_Analysis,
df_Biomarker, and df _Replicate, respectively. As an il-
lustration, these data frames might appear as follows:

> #install.packages ("NonlinearRC")
# Install from CRAN

> #remotes::install_github("drtjt/NonLinearRC")
# Install from GitHub

> library(NonlinearRC)

> data(df_Analysis)
> head (df _Analysis)
ID U delta Qi v

1 1 0.8121942 0 1.2973559 0.1580706
2 2 0.6897652 0 -0.6208972 0.8141670
3 3 8.1541421 0O 0.5642112 0.4510236
4 4 2.7434437 0O 0.8571627 -1.3085963
5 5 0.1563612 0 -0.2599495 -2.1666066
6 6 8.9946368 0O 1.7990988 -2.4421035

> data(df_Biomarker)
> head (df _Biomarker)
D W Q1 v
1 10001 -0.3015885 -0.7229800 -0.5648787


https://github.com/drtjt/NonLinearRC
https://github.com/drtjt/NonLinearRC
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Table 2. Summary of estimated parameters under 1000 data replicates where the event time was generated under
9(Z;B) = B1Z + B2Z? + B3Z3. Results are separated based on (i) the analysis and calibration dataset overlap proportion:
|Z1 N Z2|/|Z2| € {0%,50%, 100%}, and (ii) the baseline hazard parameter specification: Ay € {0.2,0.4,0.8}.

Analysis and Calibration Dataset Overlap Proportion: [Z; N Zo|/|Z2| = 0%
Average Event Rate ~ 9.6% (Ao = 0.2)  Average Event Rate ~ 17.5% (Ao = 0.4)

Average Event Rate ~ 29.7% (Ao = 0.8)

Method 5 B2 Bs X B B2 B3 Yx B B2 Bs X
Bias x 100 Tdeal -0.414  -0.122 0.021  0.008 -0.274 0.037  -0.013 ©0.150 0.024  0.031 -0.012
Naive 12494 -4.554 -1.917 -7.522 12.693 -1.924  -7.414 12,827 -4.489 -1.926 -7.301
LRC 5.046 - - 0.008 5.335 - -0.038 5.619 - - -0.071
QRC 6107  -0.786 - 0.010 6.406 - -0.036 6.642  -0.493 - -0.067
FOTSE 3225 -2814 -1.032 -7.520 3.649 7413 3.956  -2.457 -1.151 -7.300
SOTSE  7.452  -1495 -2.222 -7.476 4.345 -7.394 2458  -1.498 -7.294

" Median Estimated SE

Coverage Probability

CRC

14

94.9

Naive 0.9 45.7 0.2 <01 <01 < 0.1
LRC 85.2 - - 94.0 73.6 - - 58.1 - -
QRC 78.1 93.0 - 93.4 60.9 941 - 407 935 -
FOTSE  93.6 91.8 930 463 92.0 90.5  93.1 86.1 87.9 926
SOTSE  96.8 93.2 932 467 95.8 925 914 . 95.3 922 895 56
CRC 91.4 92.8 883 940 91.8 93.3  90.6 948 92.0 931 909 946
Analysis and Calibration Dataset Overlap Proportion: |71 N Z»|/|Z2| = 50%
Average Event Rate &~ 9.6% (Ao = 0.2)  Average Event Rate ~ 17.5% (Ao = 0.4)  Average Event Rate ~ 29.7% (Ao = 0.8)
Method S B2 Bs X B B2 Bs X B B2 Bs X
Bias x 100 Tdeal 0.390 -0.123 0.027  0.031 S0.311 0.002  0.045 -0.043 0.164 0.026 0.034 -0.015
Naive 12556 -4.561 -1.921 -7.468 12,683 -4.491 -1.922 -7.443 12.825 -4.480 -1.926 -7.305
LRC 5123 - - 0.054 5348 - - -0.058 5625 - - -0.059
QRC 6.165 -0.819 - 0.056 6.419  -0.539 - -0.056 6.646 0.055
FOTSE 3387 -2.814 -1.074 -7.465 3.635 2461 -1.094 -7.441 3.966
SOTSE 8024  -1.544 -2.206 -7.417 -1.350  -1.789  -7.421 2.563
CRC 1.369 -0.600 2 3 -0. 5 .

" Bmpirical SE~ Ideal ~ = 0.050  0.021 ~ 0.012 0.037 ~ 0.015 ~ 0.009 0.025 0.029 ~ 0.012° 0.007 ~ 0.019
Naive 0037  0.011  0.005 0.028  0.008 0.003 0.027 0.022  0.007 0.003 0.021
LRC 0.055 - - X 0.042 - - 0.027 0.034 - - 0.021
QRC 0.053 0051 - 0.036 0.040  0.038 - 0.027 0.032 0029 - 0.021
FOTSE 0.084 0.058 0.052  0.037 0.063  0.043 0.038  0.027 0.051  0.034 0.030 0.021
SOTSE 0221  0.063 0.034  0.037 0.198  0.046 0.030  0.027 0.164 0.025  0.021

0.0 0. 0.0 0.021

Median Estimated SE 0.050 T 0.012 X .00¢ . 029~ 0.012° 0.007  0.019
Naive 0037 0.011  0.005 0. 0.003  0.027 0.021  0.006 0.003 0.021
LRC 0.055 - - 0.035 0.041 - - 0.026 0.032 - - 0.020
QRC 0.052 0049 - 0.034 0.038  0.036 - 0.026 0.030 0028 - 0.020
FOTSE 0.084  0.057 0.049  0.036 0.063  0.042 0.037  0.027 0.049  0.033 0.029  0.021
SOTSE  0.236  0.058 0.037  0.037 0.188  0.043 0.029  0.027 0.151  0.034 0.023  0.021

0.087 :

o T . .

0.2 <0l <01 <01

740 - - . - -
- 93.9 59.5 94.0 - 94.5 41.0 935 -
92.8  46.8 92.0 91.0 926 215 85.8 87.6 921 56
93.5  47.3 95.7 92.6 911 218 94.9 91.7 895 56
88.1 944 92.0 93.7 903 945 91.6 93.2 910 949

Average Event Rate

and Calibration Dataset Overlap Proportion: |Z; M Z3|/|Z2| = 100%

Average Event Rate ~ 9.6% (Ao = 0.2) ~17.5% (Ao = 0.4)

Average Event Rate = 29.7% (Ao = 0.8)

Method S B2 Bs vx B Ba x B B2 Bs X
Bias x 100 Tdeal 20410 -0.115  0.033  -0.027 20.298  -0.007 . -0.054 S0.168  0.023 0.034 -0.011

Naive  12.551 -4.563 -1.920 -7.520 12,685 -4.500 -1.923 -7.459 12.826 -4.487 -1.926 -7.303
LRC 5118 - - 0.024 5311 - - -0.029 5.602 - - .025
QRC 6146 -0.851 - 0.026 6.379  -0.559 - -0.027 6.627  -0.520 - -0.022
FOTSE 3.376  -2.813 -1.053 -7.517 3.648  -2.481 7457 3.975  -2436 -1.171  -7.302
SOTSE  7.586  -1.520 7473 4.221 -7.438 2.612 506 -1.514
CRC 1367 -1.679 -0.031

" Empirical SE~ Ideal ~  0.050  0.021 0.012
Naive  0.037  0.011 0.007
LRC 0.055 - - -
QRC 0.054  0.050 - 0.029
FOTSE 0.084  0.058  0.051 0.034
SOTSE  0.219  0.061  0.033 0.035
CRC 0.118 0.031

" Median Estimated SE Ideal ~ 0.050
Naive  0.037 0.006
LRC 0.055 - - -
QRC 0.052  0.048 - 0.028
FOTSE 0.084  0.057  0.049 0.033
SOTSE  0.237  0.058  0.037 0.034

Coverage Probability ~ Ideal 946"~ 7951 948

Naive 8.0 1.4 1.0
LRC 84.8 - -
QRC 774 938 -
FOTSE 933 913 933 . 90.3
SOTSE 97.0 928 936 i 93.5  90.7 . 89.4
CRC 914 938 888 914 937 894 91.8 930 914 958

Abbreviations: Ave.:

Average; CRC: Cubic Regression Calibration; FOTSE: First Order Taylor Series

Expansion; LRC: Linear Regression Calibration; QRC: Quadratic Regression Calibration; SE: Standard

error; SOTSE: Second Order Taylor Series Expansion.
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Figure 1: Averaged conditional survival functions with x = z = 0 from a Bernstein polynomial of degree 4 and coverage
probabilities of the estimated survival functions, where we approximated H(3, Q;, Vi;0) = Ez(exp{51Z/vV1+ Z?}|Q;, V)
with a first-order Taylor series expansion (FOTSE), a second-order Taylor series expansion (SOTSE), and a Monte Carlo
approximation with C' = 1000 (GRC_MC). The 95% pointwise confidence band for the survival functions were computed
with the procedure outlined in Section 3.4.

2 10002 -1.2175231 -1.
3 10003 0.1711655 1.
4 10004 -1.0735915 0
5 10005 0.5057796 1.
6 10006 1.4520894 O

> data(df _Replicate)

> head(df _Replicate)
ID w1

1 10001 -0.3015885 -0
2 10002 -1.2175231 -1.
3 10003 0.1711655 O.
4 10004 -1.0735915 -1.
5 10005 0.5057796 1.
6 10006 1.4520894 2.

0441793
8546368

.6261516

8291044

.1619684

w2

.3827667

4103665
5739022
1709560
4306034
4060856

-0.
-0.
.4708980
.1062976
-0.

-1

2731302
3648877

0637343

where we assume that units ¢ € Z3 have two replicate ob-
servations (i.e., m; = 2 for all ¢ € Z3). Note that the unit
identification variable, ID, shows that some units are shared
between df _Biomarker and df_Replicate, whereas these
units are distinct from those in df _Analysis. All other vari-
able names are consistent with the definitions presented in

Section 2.

The main function in NonLinearRC is NL_RC. It takes the
following arguments as inputs:

df1: Data frame containing right-censored observations
of T, used to estimate parameters in (2.4).

df2: Data frame used to estimate parameters in (2.1).
df3: Data frame used to estimate measurement error
variance o2 in (2.2).

df1_ID_index = NA: Column number for the identifi-
cation variable ID in df1. If not specified (default), it
is assumed that no units are shared between df1 and
df2/df3.

df1_U_index: Column number for the right-censored
event time U in df1.

df1_delta_index: Column number for the event time
indicator ¢ in df1.

df1_Q_index: Column number for the observed expo-
sure variable ) in df1.

df1_X_index: Column number(s) in df1 for any ad-
ditional covariates included in model (2.4). Note that
categorical variables need to be transformed to dummy
variables.

df2_ID_index = NA: Column number for the identifi-
cation variable ID in df2. If not specified (default), it
is assumed that no units are shared between df2 and
df1/df3.
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df2_Response_index: Column number for the ob-
served biomarker W in df2 under (3.1).
df2_Covariates_index: Column number(s) in df2 for
covariates under (3.1). Note that categorical variables
need to be transformed to dummy variables.
df3_ID_index = NA: Column number for the identifi-
cation variable ID in df3. If not specified (default), it
is assumed that no units are shared between df3 and
df1/df2.

Function_Type = "Polynomial": Specifies the func-
tion form of g(Z;3). Users can select one of the fol-
lowing:

— Polynomial: Degree DF polynomial of Z.

— Bernstein: Linear combination of DF Bernstein
polynomial basis functions.

— B-Spline: Linear combination of DF B-spline basis
functions.

— C-Spline: Linear combination of DF C-spline basis
functions.

— I-Spline: Linear combination of DF I-spline basis

mu_vec = NULL: Vector of E(Z|Q;,V;) for each unit in
df1; if provided, these values are used instead of esti-
mating them.

Variance_vec = NULL: Vector of Var(Z|Q;,V;) for
each unit in df1; if provided, these values are used in-
stead of estimating them.

t_grid: Vector of time points at which to estimate the
conditional survival function.

z_grid: Vector of Z values at which to evaluate the
conditional survival function.

C = 1000: Number of Monte Carlo samples for estimat-
ing B and/or its standard error.

seed = 235346: Random number seed.

x = 0: Value of X at which the conditional survival
function is evaluated.

Spline_Z_vec = NULL: Vector of Z values for generat-
ing spline basis functions.

Boundary.knots = NULL: Boundary points for the
spline basis functions.

Estimate_CI_Surv = TRUE: Logical indicator specify-
ing whether a 95% pointwise Monte Carlo confidence
interval is computed, following [11].

functions. To illustrate, we use NL_RC to estimate parameters in (3.3)
with g(Z; B) = B1Z + 222 + B3Z3. With our datasets, this

— M-Spline: Linear combination of DF M-spline ba- \
looks like:

sis functions.

— NC-Spline: Linear combination of DF natural cu- > NL_RC(dfl = df_Analysis,

bic spline basis functions. df2 df _Biomarker,
df3 = df _Replicate,
df1_ID_index = 1,
df1_U_index = 2,
dfl_delta_index = 3,
dfl1_Q_index = 4,
df1_X_index = c(5),
df2_ID_index = 1,
df2_Response_index = 2,

e DF = 1: Degree of the polynomial for g(Z;3), or num-
ber of basis functions for splines.

e Method = "Cox": Specifies the estimation procedure
under (2.4) or (3.3). Users can select one of the fol-
lowing:

— Cox: Estimate parameters under (2.4) with Q re-
placing Z (default).

df2_Covariates_index c(3,4),
— Linear: Estimate parameters under (3.3) with df3_ID_index = 1, .
9(Z;8) = BZ using regression calibration. g;nft;on_Type = "Polynomiall,
— Quadratic: Estimate parameters under (3.3) with Method = "General MC",
9(Z;8) = B1Z + (272, using the regression cali- EstimateNuisance_Logi = T,
bration procedure of [5]. t_grid = 0,
z_grid = 0,
— General_1: Estimate parameters under (3.3) C_E 1000
using a first-order Taylor series expansion of seed = 2:;:5346
exp{g(Z;8)} around Z = ap + aQ + abLV. x =0,

— General_2: Estimate parameters under (3.3) us- Estimate_CI_Surv = F)

ing a second-order Taylor series expansion of
exp{g(Z;B)} around Z = ag + aQ + a4 V.

— General_ MC: Estimate parameters under
(3.3) using a Monte Carlo approximation to
Ez(exp{g(Z;8)} | Qi, Vi)

o EstimateNuisance_Logi: Logical indicator specifying + Baseline_Hazard: Data frame containing the esti-
whether o2 and parameters in (3.1) should be esti- mated cumulative baseline hazard function Ag(-) at
mated. each observed uncensored event time.

The output of NL_RC is a list containing the following com-
ponents:

o Estimates: Estimates for 8 and «vyx under (2.4).
e Nuisance_Estimates: Estimated model parameters of
(3.1) and &2
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e SurvProb_zgrid_list: Estimated conditional survival
function, with each element of the list corresponding to
a fixed value of Z in z_grid at times t_grid.

e SurvProb_zgrid_CI_list: 95% point-wise confidence
interval of the conditional survival function for each
value in z_grid at times t_grid (if requested).

e SurvProb_zgrid_Var_list: Estimated variance of the
conditional survival function for each value in z_grid
at times t_grid (if requested).

In practice, we recommend beginning with relatively sim-
ple spline representations, for example natural cubic splines
with 3-5 degrees of freedom, in order to balance flexibil-
ity and numerical stability. Knot placement may be based
on empirical quantiles of the observed exposure surrogate,
and the number of knots may be selected using model se-
lection criteria such as AIC or BIC [4] More generally, we
recommend fitting a small sequence of candidate basis spec-
ifications and selecting the simplest representation that ad-
equately captures the apparent exposure and response rela-
tionship, while monitoring numerical stability.

6. CONCLUSION

In this paper, we developed a method for estimating
nonlinear covariate effects in a Cox regression model when
the covariate is subject to measurement error, assuming a
sample of objective biomarkers is available for correcting
the covariate measurement error. Our approach generalizes
the work of [5] by allowing for arbitrary nonlinear effects
through Monte Carlo integration, and we proposed a sand-
wich variance estimator to quantify the uncertainty of the
regression estimates. Simulation studies demonstrate that
our method accurately captures nonlinear effects; capabil-
ities that are not offered by existing alternatives. While
Monte Carlo integration is computationally intensive, our
results indicate that simplifying this step with a Taylor se-
ries approximation can lead to biased estimates. To facili-
tate practical use, we have implemented our method in the
R package NonLinearRC.

As shown in (3.2) and (3.3), the rare disease assump-
tion makes the induced-hazard approximation tractable and
therefore estimable within the proposed framework. Al-
though our simulation study suggests that the resulting ap-
proach remains effective for uncensored event proportions
up to roughly 30%, its performance will in general depend
on the underlying data-generating mechanism and the com-
plexity of the true exposure effect. When the rare disease as-
sumption is more substantially violated, the regression cali-
bration estimators may become inadequate, and alternative
methods that avoid this assumption are required for estima-
tion of the parameters in (2.4). One approach is to adopt risk
set regression calibration [19, 14], in which H(8,Q,V;8)
would need to be re-estimated for each risk set. Another
approach is the expected estimating equation method pro-
posed by [16] that bases its estimation of parameters in (2.4)
with the expected value of the partial score function.

Although the present paper focused on a linear-Gaussian
measurement error model, the broader framework is driven
by the need to characterize the conditional distribution of
the true exposure given covariates, namely Z|{Q, V'}. Con-
sequently, the proposed approach is not conceptually limited
to the Gaussian setting. Extensions to alternative paramet-
ric or semiparametric measurement error models may be
possible when this conditional distribution can be validly
estimated, approximated, or sampled from. Although the
required modelling makes a variety of parametric assump-
tions, the induced hazard model in (3.3) should be viewed
as a working model. More specifically, the assumptions and
model specifications in Section 2.2 used to characterize
Z{Q,V} should be assessed, to the extent possible, using
the calibration data. Potential violations of linearity for the
mean in model (3.1) may be examined by comparing the fit-
ted calibration model with more flexible alternatives, such
as models including interaction or higher-order terms in Q
and V| and by inspecting residual-versus-fitted plots. Het-
eroscedasticity may be assessed using residual diagnostics
and, when replicate biomarker measurements are available,
by examining whether within-subject variability changes
with @@ or components of V. Departures from conditional
normality may be investigated using residual histograms or
normal quantile plots. The nondifferential error assumption
is less directly testable and should primarily be justified on
scientific and design grounds. If V' is not sufficiently rich to
capture important determinants of the relationship between
the true exposure and the observed measurements, then the
working model for Z|{Q, V' } may be misspecified, which can
bias the approximation of H(3, @, V';0) and, consequently,
the estimated exposure effect parameters.

As noted by an anonymous referee, there has been in-
creasing methodological work on settings involving a main
study together with an external validation study (e.g., [20]),
in which the conditional distribution Z|{Q, V' } may be char-
acterized using data from the external validation study. Our
setting differs from this framework, since our auxiliary data
consist of biomarker and replicate measurements rather than
direct observations of the true exposure in a validation sam-
ple. Nevertheless, a related extension of the present frame-
work when external validation data are available may be
possible in such settings, provided that the relationship used
to characterize Z|{Q, V'} is transportable to the analysis co-
hort.

APPENDIX A. ESTIMATING FUNCTIONS
FOR NUISANCE
PARAMETERS

We estimate the nuisance parameter vector 68 =
(o, a1, 0,02 + 02) as the solution to the system of es-
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timating equations

Yo,
\1’0(1 —
vo) [ o | =0
\IIUZ—‘,-UQ
where
Uy = — Z Wi — (a0 + 1 Qi + a3 Vi)
n2 i€ZLo
Uy, = — Z 11— (a0 +a1Q; + aVi))Q;
n2 i€Zlo
Vo, = — Z i1 — (a0 + a1Q; + as V)V,
ZGIQ
Vo2 = — Z{ i1 — (a0 + 1Qi + A Vi))?
ZEIQ
_ 7(712 —7) (02 + of)},
T2

with ns denoting the number of participants in Z5 and p =
dim(x).

To estimate o2, we use the replicate biomarker measure-
ments available in D3, and obtain

my

1 1 -
% = 2 =1 W — W,

i€Z3 j=1

_ ms
where W; = 3 W;;/m; is the within-subject average and n3
=1
is the number of participants in Z3. This estimator satisfies
the estimating equation

my

z:n_szam—lZ ~ Wi —ol=0.

i€Z3

By stacking all estimating functions, we have ¥(0) =
> W,(0), where each participant contributes ¥,(6) = 0

i€T,UTs

for all @, if they are not in the relevant subsample (i.e., in-

dividuals in Z5\Z3 do not contribute to estimating o2, and

individuals in Z3\Z; do not contribute to the regression pa-

rameters in 6). Finally, we obtain an estimate of o2 with

62 = 02/—&—\02 52
APPENDIX B. REGULARITY CONDITIONS
FOR ASYMPTOTIC
RESULTS

Let Q = (8',7%,6’) € O C R? denote the full parameter
vector, where ¢ is the dimension of €2, and let

o7 (8,7x;0)
> (8, 7x: 0)
{€T1UT2UTs ¥, (0)

I(Q) = I.(Q) =

1€Z1UZoUZs

denote the stacked estimating function. We assume the fol-
lowing regularity conditions.

e (Al): Independent Sampling. The data are inde-
pendent across distinct study units in Z; U Zy U Z3.

o (A2): Parameter Space. The parameter space O is
compact, and the target parameter {2* lies in the inte-
rior of O.

o (A3): Identifiability. The population estimating
equation F(T'(€2)) = 0 has a unique solution at Q =
Q*.

e (A4): Smoothness. For each i, the map ©Q +—
T';(Q) is continuously differentiable in an open neigh-
bourhood of 2%, denoted by N (Q*). Moreover, there
exists an integrable random variable M; such that

sup  [|OT,(Q)/0Y|| < M, with E(M,) < .
QEN(Q2*)
e (A5): Finite Moments. For all @ € N(Q*),

E(|T:(2)%?%]|) < oo, and, if needed for the Taylor
expansion and uniform convergence arguments, higher
moments exist in A (2%).

e (A6): Independent Censoring. Conditional on the
covariates entering the model, the censoring time C; is
independent of the event time 7T;. In addition, the risk-
set quantities are well defined over the time interval of
interest.

e (AT): Regularity of Cox Risk-set Quantities. For
r=20,1,2,..., we assume that

supIISé”(tﬁ,vx; 0) — s (t.8,7x:0)| % 0

sup |55 (£, B, 7x; 0) — 7 (t: B, 7x; 0) | + 0
for every Q € N (Q*). We also require

E}O)(t7ﬁ77X;0) > Oa

inf s
t

for every Q € N (2*%).

o (A8): Regularity of the
Component. The function H(B,Q,V;0) =
E(exp{9(Z;8)}|Q,V) is well defined in N(£2%),
and its first derivative with respect to 2 exists and is
continuous.

e (A9): Nonsingularity of the Sensitivity Matrix.
A(2) = OE(T'(R))/0Y |-+ exists, is finite, and is
nonsingular.

e (A10): Positive Definiteness of the Variability
Matrix. The matrix B(2*) = E(I'} (£2*)®?) exists and
is finite.

e (A11): Rare Disease Assumption. The rare-disease
approximation used to derive the induced hazard is suf-
ficiently accurate so that £* is interpreted as the true
parameter corresponding to the approximating model.

Induced Hazard
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e (A12): Monte Carlo Approximation. If Monte

Carlo integration is used to evaluate H(-), the num-
ber of Monte Carlo draws C' is taken sufficiently large
that the resulting numerical error is o,(n~'/2).
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