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S1 Proofs and Derivations

Proof of (3.3)

Proof.
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Write the integration into the form of expectation,
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Proof of Theorem 1

Proof. To show (3.6), we just need to show that E, (logdet(F'V;F)) < logdet(F'W;F') for
i=1,2.

First we need to show that log det(F' AF) = logdet(} 1" | a; f(x;) f(x;)') with A = diag{a1,...,an}
is a concave function of @ = (ai,...,a,) for @ € [0,1]". Denote B = diag{bi,...,b,} for
b = (b1,...,b,) € [0,1]". We assume that F'AF is nonsingular, thus F'AF is positive defi-
nite. For any scalar value of ¢, define function g¢(t)

g(t) = logdet (F'AF + F'(tB)F)
— log det(F' AF) + log det(I, + t(F'AF)~'/2(F'BF)(F'AF)™/?)
q
= logdet(F'AF) + Z log(1 +tA;),
=1

where \;’s are the eigenvalues of the positive definite matrix (F'AF)~'/?(F'BF)(F' AF)~'/2,
Thus ¢(t) is a concave function in ¢ for any choice of a, which is the sufficient and necessary
condition that logdet(F'AF) is a concave function of a. According to Jensen’s inequality, if
m(x;,m) € (0,1) for i =1,...,n, then

E. |, (log det(F'V1F)) < logdet (ZIE Ziln) f(x )f(a:ﬁ’)

= log det < n(xzi,m $z)f($i>/> )
E., (log det(F'V5F)) < logdet < Y E((1—Z)n)f( )f(wz)'>
i=1
= log det <Z 1 —m(xim ))f(wz)f(ccz)’> .
i=1

So we have proved (3.6). O

Proof of Proposition 1

Proof.
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If m = q, (3.7) is equivalent to I (0 < 2?1:1 Zij < nz) =1fori=1,2,...,m. A sufficient condition



for any Pr (O < Z;“Zl Zij < nz) > k can be derived as follows.

ng
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= w(zi,n)" + (1 —7(x;,m)" <1 -k

Next develop an upper bound for 7(x;,n)™ + (1 — w(x;,n))™. If n(x;,m) > 1/2, denote a =
(1 —7(xi,m))/m(xi,m) and a < 1. Then
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then 7(x;,m)™ + (1 —w(xi,m))™ < 1—k. If 7(x;,m) < 1/2, denote a = 7(x;,n)/(1 — n(x;,n)) and

a < 1. Then
1+a™ 1+a
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The sufficient condition becomes

1 log(1 —
e R - Cht) B
(L+a)™ log(1 — m(x;s,m))
Combining the two cases, the sufficient condition on n; for i = 1,...,m is (3.8). It is known that

2 (s, m) (1 — (@i, )"/ < wlas, m)™ + (1 — w(@im)™ < 1— k.

The necessary condition is

2 (m(ziym)(1 —w(xi,n)"? <1—r <= n;> 21og (15") .
B ~ logm(xi,m) + log(1 — 7(xi,m))

Proof of Proposition 2

Proof. If m > q, (3.7) is equivalent to

m ng m n;
ZI ZZij:O <m —gq, and ZI ZZij:ni <m-—gq.
i=1 J=1 i=1 j=1



For the two inequalities to hold with large probability,
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Thus one sufficient condition for (2) is
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Thus the sufficient condition for (1) and (2) derived here is
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The necessary condition for (1) and (2) derived here is

- log(1 —g/m) log(1 —g/m)
n; > m-max< 1, .
NS |

log(l - 71'max) ’ 10g T'min

It is easy to see that this lower bound in the necessary condition is smaller than the one in the
sufficient condition,

m
E n; > m-ng > m - max
=1

{1 log(1 —g/m) log(l —gq/m) } .

’ log(]- - 7Tmin) ’ log Tmax

Proof of Theorem 2

Proof. We only need to show that logdet(F'AF + pR; ") = logdet(3.", aif (z;) f(z;) + pR; )
with A = diag{ai,...,a,} is a concave function of @ = (ay,...,a,) for a € [0,1]". Denote
B = diag{b1,...,by} for b= (by,...,b,) €[0,1]" and K = F'AF + pR; '. Define g(t) as follows.
g(t) =logdet (F'AF + pR; ' + F'(tB)F + pR;")

=logdet(F'AF + pR; )

+logdet(I, + (F'AF + pR;Y)"Y2(F'tBF + pR; ) (F'AF + pR;1)71/?)

= logdet(F'AF + pR; ")

+logdet(I, + tK '’ F'BFK~'/? + pK '’ R; T K~'/?)

q
= logdet(F'AF + pR; ") + logdet(I, + pK 2R 'K 1/2) +) "log(1 + tAy),
=1

where \;’s are the eigenvalues of

(Iq+pK71/2RZ~_1K71/2)71/2K71/2F/BFK71/2(Iq+pK71/2Ri—1K71/2)71/2.

Therefore, \; > 0 for i = 1,...,q. Thus g(t) is a concave function in ¢ for any choice of a € [0, 1],
which is the sufficient and necessary condition for logdet(F'AF + pR; 1) to be a concave function
of a. O

Proof of the deletion function (5.1)

Proof. Denote F_; as the model matrix for X_;, which is the design matrix without the ith design
point, and Wy _;, Wi _;, and W5 _; the weight matrices accordingly. According to the properties
of matrix determinants, we can show the following.

det (F';Wo, i F_;) = det | Y w(ai,n)(1 — w(xi,m)) f(z;) f ()’
#i
= det (F'WoF — (zi,n)(1 — m(xi,m)) f (2:) f (:)')
= det(F'WoF) [1 — n(z;,n)(1 — m(zi,n)) f(x:) (F'WoF) ™ f(x;)]
= det(F'WoF) [1 — m(xi,n)(1 — m(xi,m))vo ()] -



det (F' Wy _;F_; + pR™")
=det | Y w(wi,n)f(x;) f(x;) + pR
Ji
=det (F'W\F + pR™" — n(z;,n) f(z:) f (1))
=det (F'WF + pR™") [1 — n(zi,n) f(z:;) (F'WLF + pR™) ' f(z;)]
=det (F'W1 F + pR_l) [1—7(xi,m)vi(zs)] .

Similarly,
det (F Wy _;F_; + pRy") = det (F'WoF + pR™") [L — (1 — m(z;, m))va ()] -
The deletion function (5.1) is then obtained. O

Shortcut formulas for M; _;.

Proof. Denote M; _; for i =0, 1,2 as the updated M; when the jth design point is removed. The
following shortcut formulas are used in constructing the initial design.

o r(a,m)(1 = 7(a,m) e
Moy = Mit | T 0wy m)w(ay) | @) F @) M, fori=0,1,2

Proof of A(z,x;) in (5.2).

Proof. Denote F* as the updated model matrix for updated design X*, and W for : = 0,1,2 as
the updated weight matrices accordingly. Let

Go = [Vw(®,n)(1 — w(z,n) f(@),iv/m(@i,n) (1 — (@i, n) f (@),
where i = /—1.

det(F* Wi F*) = det | Y 7(@;,m)(1 — 7(z;,m)) f(z;) f (x;)

JF#i
—m(@i,)(L — 7 (xi,m)) f (@) f (@) + 7 (x,0)(1 - 7(x,n))f(x)f(z))
= det(F/W()F + GOG6)

= det(F'WoF) det (IQ + Gf)M()Go) .

It can be computed that
det (I2 + G6MOG0) = Ao(w, iUZ'),

where Ag(x, ;) is

Ao(x, i) = [1+m(x,m)(1 - 7(x,n))vo(@)] [I — 7(@i,n)(1 — 7 (@i, 1))vo(z)]
+ 7T<:13, T’)(l - 7T((l?, T/))ﬂ-(wi? 77)(1 - ﬂ-(wh 77))“0(537 xi)Q'



Similarly, define

G = [Vm(@,n)f (), iv/7 (@i, n) f(z:)] and

Go = [\ (1 = m(x,n)f (), i/ (1 —m(xi,n) f ()]
Following a similar derivation,

det(F* W} F* + pR) =
det(F* W, F* + pR) =

det(F'WHF + pR) A (x, x;),
det(F'WLF + pR)Ao(x, x;),
where Aj(x, x;) and Ag(x, x;) are

Ai(z,xi) = [1+ m(@,n)vi(@)] [ = m(@i, m)vi ()] + 7 (@, n)m (@i, n)vi(z, )%,
Ao(@,zi) = [1+ (1 = m(z,n))va(@)] [1 — (1 = 7(2i,n))va(:)]
(1= (e, m)) (1 — (s, m))va(, :)*.

+

Thus A(x, x;) is computed as in (5.2).
Proof of update formulas M for i =0,1,2

Proof. Use the same notation of G; for ¢ = 0,1,2 as in the previous proof. Define the functions

Si(x) = M, f(x)f(x) M;, fori=0,1,2,
Si(x1,x2) = M, f(x1) f(z2) M;, fori=0,1,2.

It is straightforward to derive

M = (F'WoF + GoGY) ™'

= My — MyGy (IQ + GGMoGo)il G,MO.

For simpler notation, denote a(x) = 7(x,n)(1 — n(x,n)) and a(x;) = 7(x;,n)(1 — 7(xi,n)).

(I + Gy MoGo) ™

:< 1+ a(z)vo(x), \/a(m)a(mz)vo(m ) >‘1
iv/a(x)a(x;)vo(x, z;), 1— alx;)vy

_ 1 < 1- G(wi)vo(wz‘), \/Wgac)vg(zc ) > .

Ao(x, ;) \ —i/a(x)a(x)vo(x, x;), 14+ a(x)vy :cz)



Mj =M, — WMO [\/a(a:)vo(a:) i\/a(wi)vo(wi)]

=Mo— R {m(@,m)(1 —m(2,m)) [1 — 7(@i, n)(1 = m(2i,n))vo(2:)] So()

(@i, m)(1 — (s, m) [+ 7(@,m)(1 — 7(@,m))vo(@)] So(:)
+ (@i, m) (1 — m(@im))n(@, m)(1 - (@, m))vo(@ 2;) [So(e, @) + Sl )]}

Update formulas for M7 and M can be derived similarly as follows.

M; = My = s () [1 = wlaem)or (@) $1(2) = (o) [+ 7l ) (@)] S ()
+ m(xi, ) (x, n)vi(x, x;) [S1(x, ;) + S1 (i, )]},
M= M,— —

m {1 =7m(x,m))[1 — (1 = 7(xi,m))v2(x;)] S2()

—(1=7(@i,m)) 1+ (1 = 7(z,n))va(2)] Sa(:)
+ (L=m(zi,n)(1 — (@, n))vz(z, i) [Sa2(®, ®:) + Sa(2i, 2)]} .

S2 Table



Table S1: Local Bayesian D-optimal Designs for p = 0 and 0.3 and other three alternative designs.

The values in columns 7-11 are frequencies.
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